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1
Introduction

1.1 Moving contact lines

When you see a water drop moving on a leaf or a window, you might not realize that
this very common phenomenon is a challenging fluid mechanical problem, involving
physics from molecular to macroscopic scales. The behavior of the moving drop is
determined by the dynamics of the contact line, the boundary where two immiscible
fluids (liquid/gas or liquid/liquid) and a solid meet. One notices that a moving drop
appears round at the front, and thinner and sharper at the rear (see Fig. 1.1). Interest-
ingly, detailed experimental studies found that the contact line at the rear develops a
corner and this corner becomes sharper as the drop speed increases [1]. Eventually
small droplets are released at the tip of the corner if speed is too fast. This instability
demonstrates a remarkable property of moving contact lines: the contact line cannot
move beyond a maximum speed Uc relative to the solid surface [2, 3]. If one imposes
a speed beyond Uc, there will be a dynamical wetting transition. Like in the moving
drop case, the contact line at the rear cannot catch up the speed of the main drop
body, thus the liquid at the tip is detached.

Contact line motion is very important in many industrial processes. One exam-
ple is in Immersion Lithography [4, 5], where light is directed through a lens on a
substrate to construct circuit patterns. A portion of liquid of high refractive index
(usually water) is injected between the lens and the substrate and maintained there

1
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Figure 1.1: Drop running down on an inclined plane at different speeds. Drop speed
increases from (a) to (h). (a)-(e) The running drop appears round at the front and
sharper at the rear. (f)-(h) Droplets are emitted at the tail of the drop. Figures taken
from Podgorski et al. [1].

in order to increase the optical resolutions, see Fig. 1.2a. For example, resolution
of ∼40nm can be achieved when using pure water as the working liquid. Since the
substrate cannot be completely covered by the lens, the patterns are not printed on
the whole substrate at once. After some patterns have been printed on one region of
the substrate, the substrate translates so that an unprinted region is under the cover of
the lens. During the translation of the substrate, the contact line is moving relative to
the substrate. The problem is that, when the substrate is moving too fast, droplets are
emitted at the receding part of the liquid similar to what happens in the moving drop
case, see Fig. 1.2b [4]. Similarly, at much higher speed, air bubbles are observed in
the advancing part, suggesting entrainment of air at the advancing contact line. All
these instabilities could introduce defects to the printed patterns. From an industrial
perspective, it is important to push the substrate speed in order to enhance the pro-
duction rate and lower the cost while maintaining high quality of their products at the
same time. For this it is crucial to understand how to optimize the critical speeds. In
other words, what are the relevant physical parameters (e.g. wettability of the sur-
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Figure 1.2: (a) Sketch of an Immersion Lithography setup. Small droplets and bub-
bles appear when the speed is too fast, due to a dynamical wetting transition. (b) Top
images are shapes of sliding drops at different speeds as in Fig. 1.1. Bottom images
are shapes of water for different speeds of substrate in a setup used in [4] to mimic
the Immersion Lithography system. The shapes of the liquids in these two different
setups are very similar. Figures taken from Winkels et al.[4].

face, liquid viscosity, surface tension) for the critical speeds of dynamical wetting
transitions? How do the critical speeds depend on those parameters? Moreover, the
difference in critical speeds of the receding and the advancing parts implies different
underlying mechanisms. Why is there a difference? To what extent are the proper-
ties of the air relevant for the bubble formation? This thesis therefore addresses the
fundamentals of “dynamical wetting transitions”.

1.2 Hydrodynamic challenges

The fluid mechanical description of contact line motion is challenging for various
reasons. Firstly, it has been known since Huh and Scriven [6] pointed out in 1971
that, the shear stress τs goes to infinity when approaching the contact line if a no-slip
boundary condition is imposed on the liquid/solid interface. This can be understood
by a simple argument. Suppose a liquid drop is moving with typical speed U . If we
look at the tail of the drop, then τs ∼ ηU/h, where η is the liquid viscosity and h the
height of the interface, see Fig. 1.3a. When approaching the contact line, h → 0, then
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Figure 1.3: (a) Streamlines in a wedge geometry of one-phase flow when a plate is
moving with speed U . (b) Streamlines in a wedge geometry of two-phase flow when
a plate is moving from the air to the liquid (exact solutions by Huh & Scriven [6]).
Streamlines in the air are very dense when the wedge angle θw is close to π .

τs → ∞. This means no drop could move if continuum hydrodynamics with no-slip
boundary condition remained valid at the region very close to the contact line. Hence
a microscopic mechanism that regularizes the singular tendency at the contact line is
required. Many models have been proposed since then that includes precursor film
[7], diffusion across the interface [8], Navier-slip condition [6] and others. For an
overview we refer the reader to [9]. No matter which model is used, a microscopic
length scale has to be introduced to the problem because of the molecular origin of
the regularization. This means the typical length scale near the contact line is of order
1nm-10nm.

Above 10nm from the contact line, classical hydrodynamics is valid for the de-
scription of the flow in the fluids and the meniscus is determined by the balance
between the viscous force and the capillary force [9]. It is natural then to define a
dimensionless speed, the capillary number

Ca ≡ ηU/γ, (1.1)

where γ is the liquid-gas surface tension. As we move further away from the contact
line, reaching macroscopic scales, the viscous effect diminishes. At large scales,
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the shape of the interface is determined by the surface tension and the body force,
e.g. gravity. In this region, we have macroscopic length scale, e.g. capillary length
of order millimeters or the size of the drop. We thus see that there are different
length scales involved, characterized by different physical mechanisms. This multi-
scale property makes the problem difficult to solve. One difficulty one may think of
immediately is that large amount of computation resource in numerical calculations
is required to resolve the small scales near the contact line, as also a well-known
difficulty in study of turbulence.

A second difficulty of the moving contact line problem is the following. In most
of the situations one aims to determine the shape of the fluid-fluid interface and how
the interface shape evolves. The interface profiles can be computed by solving normal
stress condition at the interface (the Young-Laplace equation) which relates the local
curvature κ of the interface to the normal stress difference across the interface δτn:

γκ = δτn. (1.2)

To evaluate δτn, one needs to determine the velocity fields in the fluids, but these de-
pend on the shape of the interface. Solving this coupled problem is very challenging.

Thirdly, the standard theoretical tool to deal with problems of flow in thin film
is the so-called lubrication theory [10]. When applying it to moving contact line
problems, it requires (i) the local slope of the interface to be small, i.e. h′ ≪ 1 and
(ii) the surrounding air viscosity to be negligible. The first condition usually means
that the equilibrium contact angle θe has to be small. Experimentally this condition
can be fulfilled by properly choosing the material of the substrate and the working
fluids. The second condition is more subtle in particular when air entrainment occurs
at the advancing contact line. In that case, the local angle of the interface measured
in the air is small. One can imagine that the shear stress in the air could be significant
since the air is forced to flow in a very confined region. To demonstrate this, we plot
the streamlines of flow in a wedge of small angle in air in Fig. 1.3b. We clearly
see that the streamlines are extremely dense in the air. This means velocity gradients
are large, and thus shear stresses could be significant even though the air viscosity is
small. Hence to study air entrainment, one has to consider both the flows in the liquid
and the air.

1.3 Dip coating geometry

In this thesis, we wish to reveal the nature of dynamical wetting transitions for re-
ceding and advancing contact lines. We focus on the common setup of dip coating, a
plate of partially wetting surface (θe > 0) being withdrawn from, or plunged into, a
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Figure 1.4: Schematic of the dip coating geometry. (a) When U = 0, the meniscus
touches the wall at an static contact angle θe (dashed curve). When the plate is being
withdrawn from the reservoir, U ̸= 0, the contact line equilibrates above the static
equilibrium position (solid curve). Zoom: In this study, we assume the microscopic
contact angle at the contact line remains the same as the static contact angle θe. (b)
When the plate is plunged, the contact line position zcl falls below its static equilib-
rium value.

bath of liquid with speed U as shown in Fig. 1.4. The advantage of this geometry with
respect to sliding drops or immersion lithography (Fig. 1.2) is that the flow is two-
dimensional so that the description of the problem is largely simplified. This allows
for a detailed study of the physical mechanisms underlying the dynamical wettting
transitions.

1.3.1 Receding contact lines: film deposition

The dip coating geometry has been studied extensively recently, in particular the
receding contact line problem, in which case the plate is withdrawn [3, 11–15].
If the plate is not moving, U = 0, there is no flow in the fluids, and the interface
equilibrates to a static shape due to balance between capillarity and gravity. The
interface makes an equilibrium angle θe with the solid as a result of intermolecular
interaction between the three phases at the contact line. When the plate is moving,
the viscous drag generated by the moving plate deforms the fluid interface gradually.
After a transient time, the contact line position zcl relaxes to a steady position above
its static equilibrium value as long as U is below a critical value Uc, see Fig 1.4a.
For U >Uc, a dynamical wetting transition occurs during which a liquid film will be
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deposited on the solid surface.
Using lubrication theory [13], one can compute the steady menisci up to the

critical capillary number, Cac ≡ ηUc/γ . To characterize the solutions, the meniscus
rise zcl is plotted as function of Ca in Fig. 1.5a (solid curve) [14]. We see that zcl
increases from the static equilibrium position as Ca increases. After reaching Cac
(point (ii) of the solid curve, we refer those solutions before as lower branch), the
curve then turns back to Ca < Cac but with solutions of increasing zcl (these solutions
are called upper branch). Further upwards, we observe a series of bifurcations. The
shapes of the menisci at different positions of the bifurcation diagram are plotted
in Fig. 1.5b. For solutions above point (iii) indicated in the bifurcation diagram, the
menisci develop a dimple and above it a ridge-like shape. This ridge grows longer and
longer as we move further upward in the bifurcation diagram [12, 16]. Interestingly,
in the limit of zcl → ∞ corresponding to Ca = Ca∗, a film solution referred as “thick
film” can be found, see Fig. 1.5c [15]. Again, the thick film solution matches to the
bath through a dimple in between. We should emphasize that the thick film solution
is different qualitatively from the classical Landau-Levich (LLD) film [17].

The lubrication calculations of the lower branch of the steady solutions have been
well verified by experiments for Ca < Ca∗ [14]. For Ca∗ < Ca < Cac, the scenario is
more complex. Although steady solutions can still be obtained from the lubrication
theory, surprisingly, detailed experimental studies found that the dynamical wetting
transition starts at Ca∗ instead of Cac [12, 14]. Why the critical speed Cac is avoided
remains an open question.

Fig. 1.6 shows a photo of an experiment during dynamical wetting transition, we
see a ridge is formed right behind the contact line and is propagating upward [12].
We can also observe that the liquid is not entrained at the edge of the plate which has
non-zero curvature. From this one may expect the critical speed at the edge of the
plate to be higher. Moreover, contrary to the plate case, when withdrawing a fiber of
small radius, Sedev and Petrov [18] found transition occurs at Ca = Cac. This raises
the question of how the geometry of the flow can influence the dynamical wetting
transition.

1.3.2 Advancing contact lines: air entrainment

The reverse process of withdrawing a plate is plunging a plate into a liquid reservoir,
see Fig. 1.4b. In this case, we expect air entrainment to occur above a critical velocity.
This means the angle in the air gets smaller as Ca increases. Near the dynamical
wetting transition (the wedge angle θw close to π), we argued previously that air
viscosity could play a role since air is forced to flow in a very confined region, see
Fig. 1.3b. So an interesting question to ask is: is air viscosity ηg really relevant for
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Figure 1.5: (a) Meniscus rise zcl normalized by the capillary length ℓγ versus Ca.
Solid curve: steady solutions calculated by lubrication theory, point (ii) corresponds
to the maximum, or critical capillary number Cac. Symbols: experimental results
obtained during dynamical wetting transition, here the capillary number is defined
by the contact line speed with respect to the plate instead of plate speed. For details,
we refer to Delon et al. [14]. (b) Stationary interface profiles at different positions of
the bifurcation diagram in (a). Note that all the curves have the same bath position.
Figures taken from Delon et al. [14]. (c) Red curve: Thick film solution calculated by
lubrication equation. Symbols are evolution of the interface observed in experiment
during the dynamical wetting transition. Figure taken from Snoeijer et al. [15].

the advancing motion of contact lines?

A very similar scenario for air entrainment without contact line motion [19] has
been observed for the case where a viscous liquid impacts a reservoir, as in Fig.
1.7. In this study, a horizontal cylinder partially immersed in a reservoir is rotating
with constant speed, thus dragging the liquid on the left out from the bath. This liquid
flows along the surface of the cylinder and hits the liquid bath on the right. It has been
observed that the air-liquid interface forms a cusp shape at the region of impact (Fig.
1.7a). Above a critical speed, air is entrained (Fig. 1.7b). Lorenceau et al. [19] found
that the critical capillary number of air entrainment Cac depends logarithmically on
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Figure 1.6: Photograph of the withdrawing plate experiment using a very viscous
silicone oil (viscosity = 4.95Pa·s). A ridge is formed right behind the contact line
and propagating upward during dynamical wetting transition. Note that while the
liquid is entrained at the central region, the contact line has remained still at the edge
of the wafer. Figure taken from Snoeijer et al. [12].

the ratio between the air viscosity and the liquid viscosity (R ≡ ηg/η),

Cac ≡
ηℓUc

γ
∼− lnR, (1.3)

consistent with the prediction by Eggers’s theory [20]. Does a similar result hold
for the plunging plate case in which there is a contact line motion? Using matched
asymptotic expansions, Cox extended the study for one phase to two-phase moving
contact line problem in a general geometry [21]. He found results similar to the
liquid impact case: a weak logarithmic dependence of the critical capillary number
on the viscosity ratio R. However, as acknowledged already by Cox, the assumptions
of the model break down when Ca is close to Cac. So what do we observe if we
investigate the problem experimentally, for example, in the dip-coating geometry?
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Figure 1.7: (a) A rotating horizontal cylinder is partially immersed in a bath of liquid.
The liquid on the left is dragged out from the bath and hits the liquid bath on the
right, thus the interface is deformed at the region of impact. (b) Air film (black line)
is entrained to the liquid when the cylinder is rotating faster than the critical speed.
(c) Critical speed of air entrainment Cac as function of viscosity ratio (on logarithmic
scale) between the upper fluid (ηo) and the bottom fluid (η). Figures taken from
Lorenceau et al. [19].

More generally, the role of air has recently become a subject of discussion in
a wide context of problems. When impacting a drop on a substrate, it was found
that splashing can be suppressed completely by reducing the air pressure [22]. Re-
markably, in experiments of plunging a tape into a liquid bath, Benkreira et al. [23]
observed that the critical speeds of air entrainment can be increased by depressurizing
the gas, see Fig. 1.8. Yet, a pressure reduction does not affect the dynamical viscosity
of the air. It thus remains unclear how the air plays a role for all these phenomena.
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�
Figure 1.8: Experimental results of plunging a tape into a liquid bath: Critical speed
of air entrainment Vae as function of air pressure. Different symbols correspond to
different liquid viscosities. Vae is enhanced by depressurizing the air. Figure taken
from Benkreira et al. [23].

1.4 Guide through the thesis

In this thesis we investigate dynamical wetting transitions in the dip-coating geometry
and address the questions raised above. In Chapter 2 and 3, we investigate liquid film
deposition by receding contact lines, while Chapter 4 and 5 address air entrainment
by advancing contact lines.

The withdrawing plate problem can be investigated by numerically solving the
lubrication equation discussed above. On the other hand, the existence of two sepa-
rated length scales (from nanometer to millimeter) allows for analysis using matched
asymptotic expansion. This method has been applied to study the withdrawing plate
problem by Eggers [3, 11] and provides the lower branch solutions of the bifur-
cation diagram and the critical capillary number. In Chapter 2, we will implement
this method to study the upper branch solutions and show that the bifurcation at the
critical point is a saddle-node type.

To understand how the geometry of the wetting flow influences the dynamical
wetting transition, we investigate a problem of withdrawing a fiber from a liquid
reservoir in Chapter 3. We calculate the critical speeds and the bifurcation diagrams
for different values of fiber radius. We will show that the critical speed decreases with
the radius of the fiber. Strikingly, we will demonstrate that the bifurcation diagram
for small fiber radius differs qualitatively from that for large fiber radius.
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To unravel the role of the air, we experimentally study a plate being plunged into
a reservoir of silicon oil of different viscosities in Chapter 4. We will show that the
air viscosity plays an important role in air entrainment which is not expected from
the classical viewpoint of wetting problems.

In Chapter 5, we will generalize the lubrication model to situations of two-phase
flow. This will allow us to investigate air entrainment in the presence of a moving
contact line. In particular, we investigate the dynamical wetting transition of air
entrainment. The results of the two-phase hydrodynamic theory will be compared
with Lattice Boltzmann simulations.

In Chapters 2 - 5, we focus on the regime of small Reynolds number Re ≡
ρUL/η , thus the inertia effect is not taken into consideration. However, some very
common fluids (e.g. water) we encounter in environment and industrial applications
have a relatively low viscosity. For example, in Immersion Lithography, the fluid
used in between the lens and the substrate is water which has viscosity η around
10−3 mPa·s and density ρ = 103kg/m3 at room temperature. If we take the typical
speed of flow U as 0.1 m/s and the distance between the lens and the substrate L as
10−4m, then Re = 10. In Chapter 6, we will consider the situation in which Re is not
so small. Again we consider a dip-coating geometry. We will develop a lubrication-
type model for one-phase flow with the inertial term taken into account.



2
Theory of the forced wetting transition ∗

We consider a solid plate being withdrawn from a bath of liquid which it does not
wet. At low speeds, the meniscus rises below a moving contact line, leaving the
rest of the plate dry. At a critical speed of withdrawal, this solution bifurcates into
another branch via a saddle-node bifurcation: two branches exist below the critical
speed, the lower branch is stable, the upper branch is unstable. The upper branch
eventually leads to a solution corresponding to film deposition. We add the local
analysis of the upper branch of the bifurcation to a previous analysis of the lower
branch. We thus provide a complete description of the dynamical wetting transition
in terms of matched asymptotic expansions.

2.1 Introduction

Consider a partially wetting solid plate (with microscopic contact angle θe), being
withdrawn from a liquid reservoir, as illustrated in Fig. 2.1. Depending on the speed
of withdrawal U , two scenarios can occur. If U is above a certain threshold value
Uc, a liquid film is deposited on the solid surface [2, 9, 12, 15, 24]. This principle
is commonly used in the coating industry [25, 26]. On the other hand, if U < Uc

, an initially dry solid surface will remain dry, but the contact line position zcl (see

∗Published as: T.S. Chan, J.H. Snoeijer, and J. Eggers, Theory of the forced wetting transition, Phys.
Fluids 24, 072104 (2012).
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Figure 2.1: Schematic diagram of a plate being withdrawn from a viscous liquid
reservoir. The interface shape is h(x), where x is measured relative to the contact
line position: x = zcl − z. From a large scale, the interface meets the wall with an
apparent contact angle θap. Near the contact line, the interface is highly curved, and
one recovers the equilibrium contact angle θe at the contact line.

Fig. 2.1) rises above its equilibrium value. The critical speed is set by a balance
between the liquid-gas surface tension γ and viscous forces [21, 27], which are pro-
portional to the liquid viscosity η . As a result, the critical speed is controlled by the
dimensionless capillary number Ca ≡ ηU/γ . For simplicity, we restrict ourselves to
the most frequently used geometry of a plate being withdrawn vertically.

The bifurcation between wetted and dry states can be understood by considering
the solution curve shown in Fig. 2.2a, which plots zcl as function of the plate speed
[13, 28]. Here and in the following, all lengths are scaled by the the capillary length
ℓc ≡

√
γ/ρg, where ρ is the fluid density and g the acceleration of gravity. Stationary

solutions have been computed numerically using a modified lubrication theory [29],
which remains valid for arbitrary interface slopes. The only restriction on its validity,
when compared to the full viscous fluid equations, is that of small Ca. To model the
contact line motion, we introduce a microscopic slip length λs, which is necessary
for the contact line to be able to move [6, 9]. On the scale of λs, the interface makes a
finite contact angle with the solid, which we take to be the equilibrium contact angle.
More details of the modeling will be discussed below.
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Figure 2.2: (a) Bifurcation diagram of stationary solutions, showing the meniscus
rise zcl (in units of ℓc), as function of Ca for θe = 0.2 and slip length λs = 10−5. Solid
curve: result from a numerical solution of lubrication theory, see [13]. The horizontal
dotted line indicates zcl =

√
2, which is the maximum rise height of a meniscus at

equilibrium. (b) Interface profiles of the lower branch solution (solid curve) and the
upper branch solution (dashed curve) for Ca = 1.3x10−4 (indicated by circles in (a)).
The contact line position is at z = zcl, while z = 0 at the bath. In the upper branch, the
interface develops a finger close to the wall, making zcl much larger than expected
from the extrapolation of the far-field profile.

Below the horizontal dashed line of Fig. 2.2(a), the contact line position is a
monotonically increasing function of speed. For very small Ca, the capillary rise



16 CHAPTER 2. THEORY OF FORCED WETTING

approaches its equilibrium value [30]

zcl =
√

2(1− sinθe). (2.1)

As the speed increases, the lower branch solution ends at a maximum value Cac of
the control parameter, which is the typical scenario for a saddle-node bifurcation
[31]. At this point a transition toward a wetted state must occur, since all available
steady states correspond to a smaller speed than the actual speed Cac. The lower
branch of the solution curve corresponds to a stable equilibrium, the upper branch to
an unstable equilibrium [31]. Eventually, the contact line position goes to infinity,
and the plate is covered completely by a film.

In [3, 11], the lower branch of the solution curve of Fig. 2.2(a) has been studied
analytically, using the method of matched asymptotic expansions. This approach
exploits the disparity of scales between the capillary length (≈ 10−3m), and the slip
length (10−9m), relevant only very close to the contact line. The outer solution is
controlled by a static balance between surface tension and gravity, enabling one to use
the relationship (2.1) between capillary rise and contact angle, but with an “apparent”
contact angle θap:

zcl =
√

2(1− sinθap). (2.2)

The maximum value of zcl consistent with (2.2) is zcl =
√

2, which is realized for
θap = 0. Since (2.2) does not allow for solutions above zcl =

√
2, a transition occurs as

the apparent contact angle vanishes. The corresponding maximum capillary number
Cac has been calculated in [11]. An inspection of Fig. 2.2a shows that the bifurcation
indeed occurs very close to zcl =

√
2, and the value of Cac agrees quantitatively

with the theoretical prediction, as well as with experiment [13, 14]. An experiment
withdrawing a fiber also found the transition to occur at vanishing apparent contact
angle [18].

In this Chapter, we will supply the missing description of the upper branch in
terms of matched asymptotic expansions. To our knowledge, this is the first time
both branches of a saddle-node bifurcation have been described using this method.
Matching requires a new type of inner solution, as illustrated in Fig. 2.2(b). We show
solutions on the upper and lower branches of the transition (circles in Fig. 2.2(a)), but
corresponding to the same value of Ca. It is clear from the main graph of Fig. 2.2(b)
that the two solutions are virtually identical on the large scale, and thus correspond to
the same value of the apparent contact angle θap. However, the upper branch solution
is distinguished by a different inner solution, which features a thin viscous “finger”,
only visible in the inset, showing a magnified region very close to the plate. As a
result, the actual contact line position zcl at the tip of the finger is significantly higher
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than zcl obtained by extrapolating from the outer solution, and which gives zcl on the
lower branch.

This Chapter is organized as follows: we first recount the technique of matched
asymptotic expansion used for finding the lower branch solutions, presented in [3,
11]. We then perform an asymptotic analysis for the upper branch solutions by con-
sidering another set of inner solutions, which displays the narrow finger shape as
discussed above. We thus show that on the upper branch, the true contact line po-
sition is shifted upwards from its apparent value. We demonstrate that the upper
and lower branch solutions thus found can be joined at the bifurcation point. In the
final discussion, we relate the bifurcation theory approach to the result of matched
asymptotic expansions, and discuss remaining unsolved problems.

2.2 Lower branch and critical speed

The lower branch of the bifurcation diagram was calculated in [11] using matched
asymptotics, for the case that the angle at which the plate is withdrawn is small. In
this section we present a brief summary of this calculation, and adapt it to the case
of vertical withdrawal. In the matched asymptotic description, the solution is broken
up into an inner and an outer region, and denoted by hin(x) and hout(x), respectively.
The variable x is defined relative to the contact line position: z = zcl −x, see Fig. 2.1.
The full solution is found by imposing appropriate matching conditions between the
two solutions.

2.2.1 Inner solution: lubrication approximation

For simplicity, we restrict ourselves to the case of small equilibrium contact angles,
h′in(0) = θe ≪ 1, so we can use the lubrication approximation close to the contact line
[9]. Since the length scale in the inner region is set by the slip length λs, which is
much smaller than ℓc, gravity is negligible. The corresponding lubrication equation
reads [13]:

h′′′in =
3Ca

h2
in +3λshin

. (2.3)

Note that the presence of λs makes for a much weaker singularity as hin vanishes.
For λs = 0, no dynamical solution of (2.3) exists which makes a finite contact angle
with the substrate. Thus a finite value of λs > 0 is needed to allow the contact line to
move relative to the substrate. We scale out λs from the problem, by introducing the
similarity solution

hin(x) = 3λsH
(

xθe

3λs

)
, ξ =

xθe

3λs
. (2.4)
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With these rescalings (2.3) can be expressed in terms of the dimensionless profile
H(ξ ),

H ′′′ =
δ

H2 +H
, (2.5)

where we introduced a reduced capillary number δ = 3Ca/θ 3
e . The boundary condi-

tions on the plate are
H(0) = 0 and H ′(0) = 1. (2.6)

Since (2.5) is a third order differential equation, one more condition is required. This
condition will be obtained from the matching to the outer solution.

Away from the contact line, where H ≫ 1, (2.5) further reduces to

y′′′ =
1
y2 , (2.7)

where we have put H(ξ ) = δ 1/3y(ξ ). This equation has an exact solution, whose
properties have been summarized in [32]. In parametric form, a solution with y(0) =
0 reads

ξ = 21/3πAi(s)
β (αAi(s)+βBi(s))

y = 1
(αAi(s)+βBi(s))2

}
s ∈ [s1,∞[, (2.8)

where Ai and Bi are the two Airy functions [33]. The limit ξ → 0 corresponds to
s → ∞, the opposite limit ξ → ∞ to s → s1, where s1 is a root of the denominator of
(2.8):

αAi(s1)+βBi(s1) = 0. (2.9)

Since the solution extends to s = ∞, s1 has to be the largest root of (2.9).
The solution y(ξ ) is thus characterized by α , β and s1, but only two of these

parameters are independent due to (2.9). As detailed in [11], the constant β can be
determined by matching (2.8), which is valid only for ξ >∼ 1, to a solution of (2.5),
which includes the effect of the cutoff and is thus valid down to the position ξ = 0 of
the contact line. It was found that

β 2 = π exp(−1/(3δ ))/22/3 +O(δ ), (2.10)

which eliminates one of the remaining two free parameters. The last parameter s1
will be eliminated below by matching the large scale asymptotics of y(ξ ) to the outer
solution of the problem. To this end, we need the behavior of y(ξ ) for large ξ , which
can be obtained from (2.8):

y(ξ ) =
1
2

κyξ 2 +byξ +O(1), (2.11)
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where

κy =

(
21/6β

πAi(s1)

)2

, by =
−22/3Ai′(s1)

Ai(s1)
. (2.12)

2.2.2 Outer solution: liquid reservoir

The outer solution hout(x), valid away from the contact line, is governed by a balance
between surface tension and gravity [30]:

κ ≡ h′′out

(1+h′2out)
3/2 = zcl − x, (2.13)

where κ is the curvature of the interface. Remember that x = 0 at the contact line,
and x = zcl at the height of the bath. The static balance (2.13) is to be solved subject
to the boundary conditions

hout(0) = 0, h′out(0) = θap and h′out(zcl) = ∞, (2.14)

which contains the apparent contact angle θap as sole parameter. A Taylor expansion
of the outer solution leads to

hout(x) = tanθapx+
1
2

κapx2 +O
(
x3) . (2.15)

Integrating (2.13) once with respect to x, we obtain

1− h
′
out

(1+h′2
out)

1/2
=

1
2
(zcl − x)2, (2.16)

where the boundary condition h
′
out → ∞ at the position of the reservoir (x = zcl) is

used. Evaluating (2.16) at the contact line position (x = 0) and using the geometrical
connection sinθ = h

′
out/
√

1+h′2
out as well as (2.13), we find

κap = zcl =
√

2(1− sinθap),

as quoted in the introduction. Our main interest in this Chapter is the neighborhood
of the bifurcation, i.e. the region of small θap. Thus for the sake of simplicity we
contend ourselves with the leading-order expressions for small θap and find:

hout(x) = θapx+
1−θap/2√

2
x2 +O

(
x3) . (2.17)
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2.2.3 Matching: lower branch

To match the two solutions on the lower branch we first write the inner solution in
term of the original variables,

hin(x) = δ 1/3
[

κyθ 2
e x2

6λs
+byθex+O (1)

]
. (2.18)

Comparing this to (2.17), we find the matching conditions

θap = δ 1/3byθe, (2.19)

2−θap =
√

2δ 1/3 κyθ 2
e

3λs
. (2.20)

Adding these two conditions leads to an equation for s1 as a function of δ :

2
θeδ 1/3 +

22/3Ai′(s1)

Ai(s1)
=

21/6 exp[−1/(3δ )]
3πAi2(s1)λs/θe

. (2.21)

Once s1 is known, one can compute the apparent contact angle

θap

θe
=−22/3δ 1/3Ai′(s1)

Ai(s1)
. (2.22)

Analysis of (2.21) shows [11] that solutions cease to exist above a critical reduced
speed δc, for which the apparent contact angle goes to zero. According to (2.22), this
occurs when the Airy function takes its global maximum, Ai′(s1) = 0, corresponding
to smax =−1.088 · · · (cf. Fig. 2.3). This gives a critical speed

δc =
1
3

[
ln

(
δ 1/3

c θ 2
e

25/63π(Ai(smax))2λs

)]−1

; (2.23)

remember that δc is related to the critical capillary number by Cac= δcθ 3
e /3. This

completes the description of the lower branch of Fig. 2.2a, up to the critical capillary
number. However, the analysis so far gives no clue as to what happens beyond the
transition, and thus does not explain the nature of the transition.

2.3 Upper branch and bifurcation diagram

We now turn to the upper branch of the bifurcation diagram close to the critical speed.
Clearly, this branch cannot be described in terms of (2.2), since zcl rises above the
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Figure 2.3: Airy function Ai(s1). The critical point occurs at smax =−1.088 · · · where
the Airy function takes its maximum value. The lower and upper branches of the
bifurcation diagram correspond to s1 ≥ smax and s0 < s1 < smax respectively, where
s0 =−2.338 · · · is the rightmost zero of Ai(s1).

maximum value of
√

2 corresponding to θap = 0. The critical point is attained when
Ai(s1) takes its maximum value, at s1 = smax =−1.088 · · · (cf. Fig. 2.3). The rest of
the lower branch corresponds to values s1 > smax. This suggests that the upper branch
can be described in terms of solutions on the other side of the maximum, s1 < smax,
and below we will work out this idea.

2.3.1 Matching: upper branch

An inspection of (2.12) shows that by is strictly negative in the domain s0 < s1 < smax,
where s0 =−2.338 · · · is the rightmost zero of the Airy function (cf. Fig. 2.3). Thus
we cannot impose the same matching as in the previous section, since (2.19) would
imply a negative apparent contact angle. We get around this problem by noting that
the large scale asymptotics of the inner solution (2.11) is a parabola that has two
zeros, ξ = 0 and −2by/κy. The former coincides with the actual position of the
contact line, while we interpret the latter as the ‘apparent’ position of the contact line

ξap =
−2by

κy
. (2.24)
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Figure 2.4: The profile (2.8) for s1 = −2.0 and δ = 0.063 (solid line). The dashed
line is the asymptotic form (2.11) of the profile for large ξ ; from a large scale the
contact line appears to be located at ξap ∼ 350. The inset is a zoom on the contact
line region, showing a narrow finger which ends at the contact line ξ = 0.

Figure 2.4 illustrates how a typical solution (2.8) (solid line) approaches its asymp-
totic limit (2.11) (dashed line), so that the relative distance between the two curves
goes to zero for large ξ . Matching the next (constant) term in (2.11) would be
achieved only at the next order of the asymptotic expansion. Extrapolating the large-
scale solution to the plate position, the contact line appears to be located at ξ = ξap,
while its actual position is at ξ = 0. This is due to the narrow finger exhibited by
solutions y(ξ ) for the parameter range s0 < s1 < smax (cf. inset of Fig. 2.4). This
finger was already visible in the numerical solutions shown in Fig. 2.2(b).

Expanding (2.11) relative to the apparent contact line position ξap, we obtain

y(ξ ) =
1
2

κyξ 2 +byξ +O(1)

=
1
2

κy
(
ξ −ξap

)2 −by
(
ξ −ξap

)
+O(1). (2.25)

The prefactor of the linear term, −by, is now strictly positive on s0 < s1 < smax and
can therefore be matched to a ‘shifted’ bath solution:

hout(x) = θap
(
x− xap

)
+

1−θap/2√
2

(
x− xap

)2

+ O
(
(x− xap)

3) . (2.26)
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Figure 2.5: The apparent contact angle θap as function of δ for lower branch (solid
line) and upper branch (dotted line). The two curves meet at δ = δc ≈ 0.0578, where
θap = 0. The dot-dashed line corresponds to (2.37) below.

Retracing the steps of the previous section, one finds the equation for s1 as

2
θeδ 1/3 −

22/3Ai′(s1)

Ai(s1)
=

21/6 exp[−1/(3δ )]
3πAi2(s1)λs/θe

. (2.27)

This differs from (2.21) only by a minus sign in the second term of the left hand side.
Similarly, the apparent contact angle follows as

θap

θe
=

22/3δ 1/3Ai′(s1)

Ai(s1)
, (2.28)

with a change in sign. In Fig. 2.5, we plot θap as function of δ for both lower branch
(solid line) and upper branch (dotted line). Both curves meet at δ = δc, where the
apparent contact angle vanishes. Thus the apparent contact angle decreases as the
transition is approached from below, and then increases again on the upper branch.

2.3.2 Meniscus rise

Let us now express the new solution in terms of the meniscus rise zcl and compare
to the bifurcation diagram of Fig. 2.2(a). To do so, we need to take into account the
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difference between the real position of the contact line at ξ = 0, and the apparent
position ξap. This difference comes on top of the meniscus rise of the outer solution,
given by (2.2), so that in original variables

zcl =
√

2(1−θap/2)+ξap
3λs

θe
, (2.29)

once more expanding for small θap. Rewriting (2.25) in terms of the outer variables
x and h, and comparing it to (2.26), we obtain

by =
−θap

δ 1/3 , κy =
3 ·

√
2λs

δ 1/3θe
.

Now using (2.24), one finds

ξap
3λs

θe
=
√

2θap, (2.30)

giving the contact line position directly in terms of θap. Thus we finally arrive at:

zcl =
√

2
{

1−θap/2 for zcl ≤
√

2
1+θap/2 for zcl ≥

√
2.

(2.31)

To test (2.31), in Fig. 2.6 we replot zcl as function of δ for the same parameter
values as those of Fig. 2.2(a). The solid curve is the numerical solution of the im-
proved lubrication theory, the dashed lines represent (2.31), with θap calculated for
the lower and upper branches, respectively. The agreement of the numerical result
and the analytical results is very good for both branches.

2.3.3 Comparison to bifurcation theory

Returning to the bifurcation argument presented in the introduction, the transition
occurs because the solution curve folds over, and is thus guaranteed to have a local
expansion of the form

δ −δc = a1

(
zcl −

√
2
)2

+O
(

zcl −
√

2
)3

. (2.32)

To discover the local behavior resulting from the matched asymptotics, we insert the
expansion

δ −δc = δ1δ s1 +δ2δ s2
1, δ s1 = s1 − smax (2.33)

into (2.21) and (2.27), respectively. On the basis of (2.32), we would expect δ1 to
vanish and δ2 to be the same above and below the transition.
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Figure 2.6: Meniscus rise zcl as function of δ for θe = 0.2 and the slip length λs =
10−5. Solid line: Same as in Fig. 2.2a. Dashed lines are (2.31), with θap from
(2.21), (2.22) (lower branch) and (2.27),(2.28) (upper branch). For large zcl , the
curve approaches a limiting speed δ ∗.

Instead, we find

δ1 =−3σ22/3smaxθeδ 7/3
c

2(δc +1)
, (2.34)

where σ = ±1 above and below the transition, respectively; the coefficient δ2 does
not have a definite sign. Clearly, the bifurcation curve as predicted by matched
asymptotics is not smooth at the bifurcation point. Indeed, close inspection of Fig. 2.6
reveals that the dashed line does not have a vertical tangent at the turning bifurcation
point [11]. Instead, the “correct” behavior emerges only in the limit of small slip
length λs → 0 or δc → 0. In this limit, we find

δ2 = 3smaxδ 2
c , (2.35)

which is indeed the same above and below the transition. Thus the first term of (2.33)
is negligible (and the structure (2.32) is valid) for δ s1 ≫ δ 1/3

c .
In addition, from (2.22) and (2.28) we find that to leading order

θap =−22/3θesmaxδc |δ s1| , (2.36)

which is valid both above (δ s1 < 0) and below (δ s1 > 0) the transition. Thus in
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summary we find

θap = 22/3θe

∣∣∣smax

3

∣∣∣1/2
δ−2/3

c |δ −δc|1/2 , (2.37)

which is valid for θap ≫ δ 2/3
c . The asymptotic local behavior (2.37) is plotted in

Fig. 2.5 as the dot-dashed line. Its behavior for small θap is hard to distinguish from
(2.22) and (2.28).

2.4 Discussion

Matched asymptotics clearly gives a quantitative description of both branches of the
saddle-node bifurcation. In the case of the lower branch, this holds true for the entire
branch down to vanishing speed. The behavior of the upper branch, on the other
hand, is considerably more complicated, as described in [14, 15]. Following the
upper branch, one encounters an infinite sequence of saddle-node bifurcations, as the
solution curve oscillates around a second characteristic speed δ ∗. The oscillations
of the solution curve, which are due to oscillations of the interface profile [16], are
damped very quickly, so at a capillary rise of a few times the capillary length the
solution effectively corresponds to a film of constant thickness covering the plate.
This film, of thickness h∗ =

√
δ ∗θ 3

e , is maintained by a balance of viscosity and
gravity. Experimentally, this film has indeed been realized when a plate is withdrawn
with speed above δ ∗ [15].

Our present analysis is not able to capture this feature, since gravity is not in-
cluded in the balance (2.3), which describes the inner solution. As the finger seen
in the inset of Fig. 2.4 grows in length, the hydrostatic pressure difference across it
becomes significant, and the solution fails. An estimate of the capillary rise at which
this occurs will be given by the point where the theoretical curve crosses the vertical
line δ ∗, where gravity and viscosity balances. Using (2.31) and (2.37), this leads to
the estimate

zcl −
√

2 ≈ θeδ−2/3
c

√
δc −δ ∗ (2.38)

for the rise at which gravity becomes significant. Using δc ≈ 0.058 and δ ∗ ≈ 0.044,
this leads to zcl −

√
2 ≈ 0.16, which agrees reasonably well with Fig. 2.6.

It is worth reviewing the relative merits of bifurcation theory and those of matched
asymptotics, which are complementary. Within bifurcation theory, once one under-
stands the origin of the transition as a fold of the solution curve of Fig. 2.2(a), the
local structure or order of the transition results automatically. In addition, it is clear
that the transition must correspond to moving from a stable branch to an unstable
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branch [31]. As always, the disadvantage is that the critical parameters of the transi-
tion, such as δc, cannot be calculated within bifurcation theory.

Matched asymptotics, on the other hand, requires a detailed calculation, which
reveals the full spatial structure of the solution above and below the transition, as
well as the values of all the critical parameters, calculated directly from the system
parameters. For example, it is shown that the upper branch solution contains an ad-
ditional, and unforeseen structure, which is the finger seen in Fig. 2.2(b). However,
the local structure (2.32) of the saddle-node bifurcation emerges from the calculation
only in the limit λs → 0 or δc → 0. Note the subtle point that the two branches as pre-
dicted by asymptotics do not fit together to form a differentiable curve. The reason is
that both parts present very different spatial features, and hence agreement between
matched asymptotic expansion and bifurcation theory is achieved in a pointwise fash-
ion only. It would be an interesting project to see if the next order of the asymptotic
expansion will reproduce the next term in the expansion about the bifurcation point.

The stability properties of the two branches have not yet been investigated within
matched asymptotics, and remain a non-trivial problem: the task is to properly sep-
arate the timescales of the inner and outer solutions. The result is expected to be
an effective dynamics [13], in which the solution moves quasistatically along the so-
lution curve. This picture of quasi-steady dynamics was confirmed in experiments
where the plate velocity was taken above the critical speed [14]. It was found that
during the deposition of the liquid film, the upward motion of the contact line fol-
lows the bifurcation curve perfectly when replacing the plate velocity by the relative
velocity of the contact line, i.e. U −dzcl/dt.

In conclusion, we have calculated the upper and lower branches of a saddle-
node bifurcation using matched asymptotics. We are not aware of any other example
of this having been done before. It would be of great interest to develop a more
general framework of correspondences between certain types of bifurcations, and the
matched asymptotics needed to describe them.
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3
Maximum speed of dewetting on a fiber ∗

A solid object can be coated by a nonwetting liquid since a receding contact line can-
not exceed a critical speed. We theoretically investigate this forced wetting transition
for axisymmetric menisci on fibers of varying radii. First, we use a matched asymp-
totic expansion and derive the maximum speed of dewetting. For all radii we find the
maximum speed occurs at vanishing apparent contact angle. To further investigate
the transition we numerically determine the bifurcation diagram for steady menisci.
It is found that the meniscus profiles on thick fibers are smooth, even when there is
a film deposited between the bath and the contact line, while profiles on thin fibers
exhibit strong oscillations. We discuss how this could lead to different experimental
scenarios of film deposition.

3.1 Introduction

A convenient way to deposit a thin liquid layer on a surface is by withdrawing a solid
from a liquid reservoir. The film is dragged along with the solid due to the viscous
friction of the liquid. This principle is known as dip-coating and is a commonly used
technique in industrial contexts [25, 26]. Once deposited on the surface, the film often
has a thickness as predicted by Landau, Levich [17] and Derjaguin [34], scaling with

∗Published as: T.S. Chan, T. Gueudré and J.H. Snoeijer, Maximum speed of dewetting on a fiber,
Phys. Fluids 23, 112103 (2011).

29
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speed U of withdrawal as h ∝ U2/3. Recently, however, a different class of solutions
were identified, which are much thicker and scale as h ∝ U1/2 [15]. These thick films
were indeed realized experimentally in the case where the solid was partially wetting.

The conditions of partial wetting introduces another interesting feature, namely
that the film entrainment only appears above a critical velocity of withdrawal [9, 21,
27, 35, 36]. Below this speed the contact line finds at a steady position, indicated
as the meniscus rise ∆ (Fig. 3.1). Due to viscous drag between the liquid and the
solid, the dynamical position of ∆ is higher than at equilibrium. This means that the
apparent contact angle θap of the dynamical meniscus is smaller than the equilibrium
angle θe. The simplest interpretation of the transition to film deposition is that the
apparent contact angle θap → 0 at a critical plate velocity. This idea was already
postulated by Derjaguin and Levi [24], although the energy argument given by de
Gennes [35] suggested a nonzero θap at the transition. The hypothesis of θap=0,
however, was given a rigorous mathematical basis (for a flat solid) by asymptotic
expansions of the lubrication equations [3, 11]. Actually, it was shown by [9] that
de Gennes energy argument can be extended to incorporate interface curvature: this
exactly gives the lubrication equation, meaning that also the energy argument leads
to a zero θap at the transition. This theory gives a simple prediction for the maximum
rise, based on the static meniscus solution with vanishing contact angle – for a fiber
of radius r0 this simply becomes [30, 37]

∆max ≃

{
r0(ln 4ℓc

r0
− c) for r0 ≪ ℓc√

2ℓc for r0 ≫ ℓc.
(3.1)

Here ℓc = (γ/ρg)1/2 is the capillary length based on surface tension γ , density ρ ,
gravity g and c is Euler’s constant (0.57721). At intermediate radii r0 ∼ ℓc, the max-
imum rise can be determined numerically.

Experimentally, the description of the forced wetting transition has remained
ambiguous. The condition of a vanishing apparent contact angle was convincingly
shown by Sedev & Petrov [18]. When withdrawing fibers or thin cylinders (r0/ℓc ∼
0.06− 1), they found a maximum rise of the meniscus consistent with (3.1). Using
cylinders of larger radii (r0/ℓc ∼ 10), Maleki et al. [38] found zero or nonzero θap

at the transition, depending on the way θap was determined. When using the crite-
rion based on the meniscus height, the transition was found slightly before reaching
∆max. Yet another set of experiments using a flat plate (r0/ℓc = ∞) displayed a tran-
sition to film deposition clearly before reaching the maximum rise [12, 14]. Still,
during the unsteady entrainment phase the maximum recorded speed was reached
exactly at

√
2ℓc. Note that in these experiments, the deposited liquid was not simply
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Figure 3.1: Schematic representation of the dip-coating setup: A fiber or cylinder of
radius r0 is withdrawn with speed U0 from a bath of viscous liquid. The axisymmetric
meniscus profile is characterized by h(x), while ∆ denotes the maximum rise above
the reservoir.

the Landau-Levich-Derjaguin film, but gave rise to thick films and even shock solu-
tions. It was argued that the presence of these dynamical solutions are related to the
pre-critical onset of entrainment [13], but an explanation is still lacking.

An additional complexity is that the contact line can spontaneously develop sharp
corner structures, or even zig-zags. This has been observed in dip-coating [2], splash-
ing [39], immersion lithography [4, 40] and for drops sliding down an inclined plane [1,
41]. The conical structure of the interface near the contact line renders the problem
truly three-dimensional, which affects the balance of the capillary forces [42]. For
sliding drops, it has been observed experimentally and described by a 3D lubrication
model, that this change in geometry indeed leads to a nonzero apparent contact angle
at the transition to liquid deposition [43, 44]. This raises the question of how the
geometry of the flow can influence the critical speed of wetting [16].

In this Chapter, we theoretically study the withdrawal of fibers of arbitrary radii.
By varying the ratio r0/ℓc, we continuously cover the range from thin fibers to the flat
plate. First, we extend the asymptotic analysis that was previously done for the flat
plate [3, 11] (see also Chapter 2) to the limit of thin fibers (Sec. 3.2). To resolve the
singularity of viscous stress near the contact line [6, 45], we introduce a slip length
λs [46, 47]. Other types of microscopic regularization will give similar results [9].
Typical values for the slip and capillary lengths are λs ∼ 10−9m and ℓc ∼ 10−3m
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respectively. We can thus exploit the hierarchy of length scales

λs ≪ r0 ≪ ℓc, (3.2)

and perform a matched asymptotic expansion. The control parameter is the capillary
number Ca =U0η/γ , which is the speed of withdrawal scaled by viscosity η and sur-
face tension γ . The analysis yields the critical capillary number, which depends on
the value of r0, and confirms that the maximum speed coincides with θap = 0, for all
fiber radii r0. In this sense, the change in geometry does not qualitatively change the
nature of the critical point. However, striking differences do show up when comput-
ing numerically the complete bifurcation diagrams for all steady solutions (Sec. 3.3).
These diagrams include solution branches above ∆max that are unstable, but which
have been observed as transients during film deposition for the plate case [14]. We
find that for small fiber radii much below ℓc, the steady solutions no longer smoothly
join the film solutions that mediate the deposition. In the Discussion section we spec-
ulate that this is why, experimentally, it is easier to approach the critical point for thin
fibers (Sec. 3.4).

3.2 Asymptotic analysis

We compute the shape of an axisymmetric meniscus on a fiber of radius r0 using the
method of matched asymptotic expansions. The interface is characterized by h(x), as
sketched in Fig. 3.1. The matching procedure is outlined schematically in Fig. 3.2.
At small scales, the dominant balance is between viscosity η and surface tension γ ,
and is characterized by the capillary number Ca. Viscous effects can be neglected on
large scales, for which the interface profile is that of a static meniscus. The problem is
closed by matching the inner and outer solutions. The analysis provides the meniscus
rise ∆ as a function of Ca as well as the critical speed, both of which can be observed
experimentally. We consider both large fiber radii (r0 ≫ ℓc) and small fiber radii
(r0 ≪ ℓc). In all cases we take r0 and ℓc to be macroscopic and much greater than
the microscopic cutoff. Throughout the analysis, we scale all lengths by the capillary
length, i.e. ℓc = 1.

3.2.1 Inner solution: lubrication approximation

To distinguish the solution h in the inner region and the outer region, we denote
hin(x) as the solution in inner region and hout(x) as the solution in outer region. The
characteristic length scale for the inner solution comes from the cutoff of the viscous
singularity, which here we take the slip length λs. Since typical interface curvatures
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Figure 3.2: Schematic diagram showing the different asymptotic regions for the case
of a thin fiber. The inner region originates from a balance between viscosity and
surface tension. It has a microscopic contact angle θe. The outer region is a static
meniscus joining a fiber with an apparent contact angle θap. When the fiber radius
r0 ≪ ℓc, the outer profile is further separated into two regions [37].

turn out ∼ Ca1/3/λs, as can be observed from the rescalings below, we can neglect
the curvature contribution due to axisymmetry, which is of order 1/r0. Hence, for
the inner solution we can follow the analysis by Eggers [3, 11], which was originally
derived for the flat plate, and discussed in Chapter 2 as well. For completeness, we
briefly summarize the analysis and the central results.

By restricting the analysis to small contact angles, h′in(0) = θe ≪ 1, one can
determine h(x) from the lubrication approximation [10]:

h′′′in =
3Ca

h2
in +3λshin

. (3.3)

Since the slip length λs is the only length scale, we rescale the solutions according to

hin(x) = 3λsH
(

xθe

3λs

)
, ξ =

xθe

3λs
. (3.4)

Hence (3.4) reduces to
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H ′′′ =
δ

H2 +H
, (3.5)

where we introduced a reduced capillary number δ = 3Ca/θ 3
e . The boundary condi-

tions are

H(ξ = 0) = 0, (3.6)

H ′(ξ = 0) = 1 (3.7)

and the asymptotic behavior that has to be matched to the outer solution. Away from
the contact line, where H ≫ 1, (3.5) further reduces to

y′′′ =
1
y2 , (3.8)

where we have put H(ξ ) = δ 1/3y(ξ ). This equation has an exact solution, whose
properties have been summarized in [32]. In parametric form, a solution with y(0) =
0 reads

ξ = 21/3πAi(s)
β (αAi(s)+βBi(s))

y = 1
(αAi(s)+βBi(s))2

}
s ∈ [s1,∞[, (3.9)

where Ai and Bi are Airy functions [33]. The limit ξ → 0 corresponds to s → ∞, the
opposite limit ξ → ∞ to s → s1, where s1 is a root of the denominator of (3.9):

αAi(s1)+βBi(s1) = 0. (3.10)

Since the solution extends to s = ∞, s1 has to be the largest root of (3.10).
The solution y(ξ ) is thus characterized by three parameters α , β and s1. Note that

these are related according to (3.10), so that only two parameters are independent.
The constant β can be determined by matching (3.9), which is valid only for ξ >∼ 1,
to a solution of (3.5), which includes the effect of the cutoff and is thus valid down to
the position ξ = 0 of the contact line [11]. It was found that

β 2 = π exp(−1/(3δ ))/22/3 +O(δ ), (3.11)

which eliminates one of the two free parameters. The remaining parameter will be
eliminated below by matching the large scale asymptotics of y(ξ ) the outer solution



3.2. ASYMPTOTIC ANALYSIS 35

of the problem. For that, we only need the asymptotic behavior of y(ξ ) for large ξ ,
which reads:

y(ξ ) =
1
2

κyξ 2 +byξ +O(1), (3.12)

where

κy =

(
21/6β

πAi(s1)

)2

, by =
−22/3Ai′(s1)

Ai(s1)
. (3.13)

3.2.2 Outer solution: static meniscus

At the scale of outer solution one can neglect viscous effects, and the profile is gov-
erned by surface tension and gravity. Thus equating the hydrostatic pressure and the
capillary pressure gives

κ = ∆− x, (3.14)

where κ is the curvature of the interface. Remind that we expressed all lengths in the
capillary length ℓc = 1. The curvature can be expressed from the geometric relation

κ =
h
′′
out

(1+h′2
out)

3/2
− 1

(r0 +hout)(1+h′2
out)

1/2
. (3.15)

The corresponding outer solution hout(x) is that of a meniscus of a liquid reservoir
joining the fiber surface. The contact angle of the meniscus at the surface is denoted
as the apparent contact angle, θap, since it refers to the apparent angle on the scale of
the outer solution. The boundary conditions therefore are:

hout(x = 0) = 0, (3.16)

h
′
out(x = 0) = θap, (3.17)

h
′
out(x = ∆) = ∞. (3.18)

For the present analysis we require only the asymptotic behavior near the contact
line, which is obtained by a Taylor expansion,

hout(x) = θapx+
1
2

κapx2 +O
(
x3) . (3.19)

Note that we consider small θap, since the inner solution is obtained in the lubrication
limit.
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In general, the governing equation (3.14) cannot be solved analytically. In the
following we will consider two extreme cases for which analytical solution can be
obtained, namely the larger fiber radius case (r0 ≫ 1) and the small fiber radius case
(r0 ≪ 1).

Large fiber radius: r0 ≫ 1

In the case where the fiber radius is much larger than the capillary length, the second
term on the right hand side of (3.15) due to the curvature of the fiber can be neglected.
Then (3.14) can be written as

h
′′
out

(1+h′2
out)

3/2
= ∆− x. (3.20)

Integrating (3.20) once with respect to x, we obtain

1− h
′
out

(1+h′2
out)

1/2
=

1
2
(∆− x)2, (3.21)

where the boundary condition h
′
out → ∞ at the position of the reservoir (x = ∆) is

used. Evaluating (3.21) at the contact line position (x = 0) and using the geometrical
connection sinθ = h

′
out/
√

1+h′2
out, we end up with

∆ =
√

2(1− sinθap) (3.22)

≃
√

2(1−θap/2) (3.23)

and (3.14) immediately gives

κap ≃
√

2(1−θap/2). (3.24)

Small fiber radius: r0 ≪ 1

For thin fibers it has been shown that the outer region can be further divided into two
subregions [37], as has been sketched in Fig. 3.2. In the region far away from the
fiber (h ≫ 1), the term due to the curvature of the fiber can be neglected. On the
other hand, gravity can be neglected in the region close to the fiber (h ≪ 1), and the
meniscus is determined by the balance between the two curvature terms in (3.15).
The profile near the fiber is a classical zero curvature interface that can be expressed
as
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hout(x) =

r0

[
cosh

(
x

r0 cosθap

)
+ sinθap sinh

(
x

r0 cosθap

)
−1
]
.

(3.25)

In the following paragraphs we will match this small-scale part of the outer solution
to the viscous inner solution. We therefore make a Taylor expansion, for small values
of θap,

hout = θapx+
1

2r0
x2 +O(x3). (3.26)

To express our results in terms of the meniscus rise ∆, we quote the result obtained
by James [37] in which the two subregions of the outer meniscus were matched:

∆ = r0

[
ln
(

4
r0(1+ sinθap)

)
− c
]
, (3.27)

where c is Euler’s constant (0.57721...).

3.2.3 Matching

We are now in a position to perform the matching between inner and outer solutions.
First, we write the inner solution in terms of the original variables,

hin(x) = δ 1/3
[

κyθ 2
e x2

6λs
+byθex+O (1)

]
. (3.28)

Once more, we separately discuss the limits of large and small fiber radii.

Large fiber radius: r0 ≫ 1

Comparing the inner solution (3.28) to the outer solution (3.19,3.24) one finds the
matching conditions

θap = δ 1/3byθe, (3.29)

2−θap =
√

2δ 1/3 κyθ 2
e

3λs
. (3.30)



38 CHAPTER 3. DEWETTING ON A FIBER

0 5 10 15
x 10

-6

0.02

0.04

0.06

0.08

0.1

Ca

θ ap

r
o
=1000 r

o
=0.01

 

Figure 3.3: Apparent contact angle θap versus Ca (λs = 10−8, θe = 0.1 radian) for
large radius (r0 = 1000) and small radius (r0 = 0.01). Curves: result from asymptotic
matching, solid curve: r0 = 1000, dashed curve: r0 = 0.01; Symbols: numerical
result, squares: r0 = 1000, circles: r0 = 0.01.

Adding these two conditions leads to an equation for s1 as a function of δ :

2/θe

δ 1/3 +
22/3Ai′(s1)

Ai(s1)
=

21/6 exp[−1/(3δ )]
3πAi2(s1)λs/θe

. (3.31)

Once s1 is known, one can compute the apparent contact angle

θap

θe
=

−22/3δ 1/3Ai′(s1)

Ai(s1)
. (3.32)

A typical result for θap as a function of Ca is shown in Fig. 3.3 (solid curve:
r0 = 1000). At vanishing speed, one recovers the equilibrium contact angle (θe = 0.1
in this example). The apparent contact angle decreases for increasing speed, and
tends to θap = 0 at a critical value Cac. The prediction from the matching compares
very well to direct numerical solution of the problem, which will be discussed in
the following section (solid squares). Of course, it is also possible to determine the
critical speed directly from (3.31), as shown in [11]. The critical value δc is ob-
tained when the Airy function takes its global maximum, Ai′(s1) = 0, corresponding
to smax =−1.088 · · · . This gives a critical speed

δc =
1
3

[
ln

(
δ 1/3

c θ 2
e

25/63π(Ai(smax))2λs

)]−1

. (3.33)
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Note that δ = 3Ca/θ 3
e and Ai(smax)=0.53566.... Physically, this corresponds to a

vanishing apparent contact angle, as can be seen from (3.32) since Ai′(s1)=0. Indeed,
this confirms the conjecture by Derjaguin and Levi [24] that the maximum speed is
attained when θap = 0.

Small fiber radius: r0 ≪ 1

We now perform a similar analysis for thin fibers by using the outer solution (3.26),
which was never worked out previously. Comparing this to the inner solution (3.28)
one finds the matching conditions

θap = δ 1/3byθe, (3.34)

1
r0

= δ 1/3 κyθ 2
e

3λs
. (3.35)

The parameter s1 can be solved as function of δ from (3.35). More explicitly, we can
write (3.35) as

2/θe

δ 1/3 =
22/3r0 exp[−1/(3δ )]

3πAi2(s1)λs/θe
. (3.36)

The apparent contact angle follows from (3.34). Since this condition is the same for
both small fiber radius and large fiber radius, the explicit form of θap is also given by
eqn. (3.32).

Once again, solutions of the matching conditions cease to exist at a critical speed,
which occurs when the Airy function takes its global maximum, Ai′(s1) = 0. In
perfect analogy to the flat plate case, this corresponds to θap = 0. The critical speed
is given by

δc =
1
3

[
ln

(
r0δ 1/3

c θ 2
e

21/33π(Ai(smax))2λs

)]−1

. (3.37)

This result has the same structure as (3.33), valid for r0 ≫ 1. Apart from numerical
coefficients, the main difference is that the fiber radius r0 appears inside the logarithm
as the relevant outer length scale; for the flat plate the outer scale is the capillary
length.

This result is further illustrated in Fig. 3.3 showing θap for a radius r0 = 10−2

(dashed curve). The curve is similar to that obtained for a plate of infinite radius, with
a vanishing contact angle at the critical point. Note that this critical speed depends
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weakly (logarithmically) on the fiber radius, in agreement with prediction (3.37). In
addition, there is a also a logarithmic dependence of δc on the equilibrium contact
angle θe. Let us emphasize that the validity of the asymptotic analysis requires λs/θe

to be small. This means that, strictly speaking, we cannot deal with extremely small
values of θe.

It is instructive to compare our results with Voinov’s formula [27]. The prediction
by Voinov for δc has the same structure as ours, but the factor inside the logarithm is
not precisely specified (a ratio between the macroscopic length scale and the micro-
scopic scale). In fact the factor reflects the dependence on the specific geometry of
the problem, that in our approach is determined by the matching of the inner region
and the outer region. Naturally, the inner scale turns out to be the slip length, while
the outer scale is the fiber radius or the capillary length. However, Voinov’s formula
misses details like the factors θe, δc inside the logarithm. Also the resulting θap vs
Ca is a bit different from Voinov’s formula, as was previously discussed in detail by
Eggers [11].

3.3 Numerical solution

We now perform a numerical analysis of the fiber withdrawal problem. This will
confirm the validity of the asymptotics and extend the results to r0 ∼ 1. However,
the main added value is that the numerical solution can determine the complete bi-
furcation diagrams of dewetting for arbitrary r0. These contain steady state solutions
above ∆max that serve as transients towards film deposition [13, 16], and thus pro-
vide crucial additional information. Below we first develop a lubrication model that
accounts for the axisymmetric nature of the flow. This quantitative correction with
respect to the flat plate will turn out important for the bifurcation diagram. We then
summarize the numerical results.

3.3.1 Lubrication approximation on a fiber

To formulate a hydrodynamic model for the axisymmetric meniscus on a fiber, we
consider Stokes equations

−∇⃗p+η∇2U⃗ − ∇⃗Φ = 0, (3.38)

∇⃗ ·U⃗ = 0, (3.39)
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where p is the pressure field in the liquid, η is the viscosity of the liquid, U⃗ is the
velocity field in the frame comoving with the fiber, and Φ is the gravitational potential
per unit volume in the liquid. Since the meniscus is axisymmetric, the velocity in
azimuthal direction is zero. We consider small contact angle, θe ≪ 1, thus the flow is
mainly in the vertical x direction, namely, the radial component of velocity is much
smaller than the vertical component (i.e. |Ur| ≪ |Ux|). The flow is solved with a
no-stress condition at the interface, is located at r = r0+h, and reads (in the frame of
the fiber)

η
(

∂Ur

∂x
+

∂Ux

∂ r

)
r=r0+h

≈ η
∂Ux

∂ r
|r=r0+h = 0. (3.40)

At the fiber surface, r = r0, we apply a Navier slip boundary condition

Ux|r=r0 = λs
∂Ux

∂ r
|r=r0 . (3.41)

The axial (vertical) component of the velocity field then becomes

Ux =
1

2η
∂ (p+Φ)

∂x

×
[

r2 − r2
0

2
− (r0 +h)2 ln

(
r
r0

)
−λs

(
2h+

h2

r0

)]
(3.42)

For thin films h/r0 ≪ 1 this reduces to the usual parabolic Poiseuille profile, but
quantitative corrections appear when h/r0 ∼ 1.

The lubrication equation is obtained by imposing a zero flux condition in the
frame of the reservoir ∫ r0+h

r0

(Ux +U0)rdr = 0. (3.43)

With this, (3.42) can then be simplified as

∂ (p+Φ)

∂x
=

3ηU0 f (d)
h[h+3λs(1+d/2) f (d)]

, (3.44)

where we introduced d=h/r0 and

f (d) =
8d3(2+d)

3[4(1+d)4 ln(1+d)−d(2+d)(2+6d +3d2)]
. (3.45)
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This function is a correction factor with respect to the flat plate (d = 0), and has the
property f (0) = 1. Finally, we replace the pressure by the Young-Laplace equation,

p− p0 =−γκ , (3.46)

where κ is the curvature of the interface given by (3.15). This gives the lubrication
equation on a fiber

∂κ
∂x

=
3Ca f (d)

h[h+3λs(1+d/2) f (d)]
−1. (3.47)

Note that once again all lengths are scaled by the capillary length. For d = h/r0 ≪ 1,
we recover the usual lubrication equation since f (0) = 1.

3.3.2 Results

Critical speed

The above lubrication equation (3.47) is solved numerically with boundary conditions

h(0) = 0, (3.48)

h′(0) = θe, (3.49)

imposed at the contact line and

h′(∆) = ∞, (3.50)

κ(∆) = 0, (3.51)

at the reservoir. We varied r0 and λs and determined the meniscus as a function of
Ca.

Figure 3.4 shows the meniscus rise ∆ as a function of Ca on a fiber of radius
r0 = 10−2. Different symbols correspond to different values of the slip length. In
all cases we find a critical Cac above which solutions cease to exist. This indeed
occurs close to ∆max corresponding to a vanishing θap, which is indicated by the
horizontal dotted line. The curves are the predictions from the matched asymptotics,
showing a good agreement with the numerical solutions. In particular, one observes
convergence as the slip length is reduced from λs = 10−6, 10−7 to 10−8. This is
because the separation of the two length scales λs and r0 is enhanced, which improves
the validity of the matching asymptotic expansion. The same results were previously
reported in Fig. 3.3, expressed in terms of θap rather than ∆.
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Figure 3.4: Height of meniscus ∆ versus speed for different slip lengths (r0 = 10−2,
θe=0.1 radian). Curves are results from asymptotic matching, solid curve (the most
left curve): λs = 10−8, dashed curve: λs = 10−7, dotted curve (the most right curve):
λs = 10−6. Symbols are the corresponding numerical results. As the slip length gets
smaller, the agreement between numerics and asymptotic matching becomes better.
The horizontal dotted line indicates the maximum height of meniscus ∆ = 0.05414
calculated by (3.27) with θap = 0.

It is interesting to show how the critical speed Cac depends on the fiber radius
r0. The numerical results are plotted as squares in Fig. 3.5. In agreement with the
asymptotic analysis one observes two regimes. At small radii, r0 ≪ 1, the critical
speed depends logarithmically on the radius. The solid red line is the asymptotic
result (3.37). For large radii the speed approaches the value of the flat plate (3.33),
indicated as dashed black line. Indeed, the cross-over occurs for fibers with a radius
that is comparable to the capillary length r0 ∼ 1.

Meniscus rise: bifurcation diagram

The results shown in Fig. 3.4 represent only the lowest branch of solutions of a more
complete bifurcation diagram. Indeed, one can identify solutions with ∆ extending
to arbitrary height above the meniscus, which are all characterized by Ca < Cac.
These are summarized in Figs. 3.6ace for different fiber radii (all curves correspond
to θe=0.05 and λs=10−5). For r0 = 1000 (Fig. 3.6a), we see after reaching Cac,
the curve turns back to Ca < Cac but with solutions of increasing ∆. We refer to
these solutions as the second branch, which is known to be unstable [13]. Further
upwards we observe a series of bifurcations to higher branches, oscillating around
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Figure 3.5: Critical capillary number Cac versus fiber radius r0 (θe=0.1 radian,
λs=10−8). Squares: numerical results; Curve: Result from asymptotic matching for
small fiber radius [Eq. (3.37)]; Dotted line: Result from asymptotic matching for
large fiber radius [Eq. (3.33)].

a characteristic value Ca∗. Typical meniscus profiles are shown in Fig. 3.6b – in
order to compare the profiles we have shifted the positions of the contact line such
that the baths collapse. Following the bifurcation diagram, the profiles evolve to
a film solution for which the contact line has moved to arbitrary height above the
meniscus, i.e. ∆ → ∞. This film solution (shown in Fig. 3.6b) is not the Landau-
Levich-Derjaguin film, but corresponds to the new class of “thick film” solutions
identified in [15].

We then decrease the fiber radius to r0 = 0.1, as shown in Figs. 3.6cd. We find
that Cac increases almost by a factor 2 with respect to the large radius. By contrast,
Ca∗ corresponding to the thick film increases only by a small amount. As a result the
values of Cac and Ca∗ have become more separated. Also, the corresponding menis-
cus profiles display more structure. The thick film exhibits much stronger oscillations
before joining the reservoir. These trends becomes more dramatic up further decreas-
ing the radius r0 = 0.001 (Figs. 3.6ed). The difference between Cac and Ca∗ is very
pronounced, and ∆ changes much more dramatically for the 3rd branch solutions. In
this sense, the bifurcation diagram has a very different structure from those of large
fiber radius. Interestingly, there still exists a thick film solution matching to the bath,
but the profile displays many oscillations (Fig. 3.6f). These oscillations decay only
very slowly when moving further away from the bath – the asymptotic thickness of
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the film is indicated by the horizontal line just above x axis. While for the flat plate
the thick film solutions have been observed experimentally [15], we expect the oscil-
latory solution obtained for small radii to be unstable and of no physical relevance.

For completeness, we report the values of Cac and Ca∗ for different radii in a
separate graph (Fig. 3.7). Note that the theoretical curve for Cac deviates from the
numerical results as early as r0 . 10−2. The reason is that here we use a realistic
value for the slip length λs = 10−5 (corresponding to ∼ 10nm), instead of λs = 10−8

used in Fig. 3.5. Clearly, the scale separation required for the asymptotic analysis
starts to break down when the ratio λs/r0 is no longer very small.

3.4 Discussion

We investigated the steady-state profiles of axisymmetric menisci on a fiber that is
withdrawn from a viscous liquid. The main motivation for this work was the mixed
experimental observations on the transition to film deposition obtained for fibers,
large cylinders and plates. Sedev & Petrov [18] found that the maximum steady pro-
file has a meniscus rise identical to a perfectly wetting liquid at equilibrium, suggest-
ing a vanishing apparent contact angle θap. Other experiments found that steady-state
solutions disappeared at a nonzero θap [12, 38], although the critical point could be
accessed during transients [14]. Our present calculations show that steady solutions
always cease to exist at θap = 0, independent of the fiber radius. In addition, stabil-
ity arguments put forward in [11, 48] suggest that all solutions of the lowest branch
are perfectly stable up to the maximum speed, consistent with a saddle-node bifurca-
tion [13]. In that sense, our results do not provide an explanation why experimentally
it is practically impossible to achieve steady menisci closer to θap = 0. The main
effect that was not taken into account in our calculations is contact angle hysteresis
due to heterogeneity of the substrate [49], which was previously suggested to affects
the details of the transition [50]. It has remained a challenge, however, to incorporate
this into a full hydrodynamic description of moving contact lines. Essentially one has
to modify the boundary condition by imposing a time-dependent microscopic contact
angle at the moving contact line.

The bifurcation diagrams calculated in the second part of this Chapter, however,
do provide a new experimental perspective on the dynamics of film deposition. As
shown in [14], such bifurcation diagrams may be probed experimentally as transient
states during entrainment. Namely, for Ca > Cac the evolution of the meniscus ex-
actly follows the bifurcation diagram when plotting ∆ versus the relative contact line
velocity with respect to the solid. For very large fiber radius the profiles with large
capillary rise are smoothly connected to the bath by a film that only displays a small
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“dimple” close to the bath. These dimple solutions have indeed been observed experi-
mentally when plates are withdrawn with speeds above the critical speed. By contrast,
for small fiber radii these solutions exhibit very strong oscillations (Fig. 3.6) and we
expect these solutions to be very unstable. In that case another dynamical mode must
appear in order to deposit a liquid film – for example, one could think of the classical
dewetting rim at the contact line connected to a Landau-Levich film [51]. A further
investigation of these transients above the critical speed, in particular for different
radii, should give a more complete picture of the forced wetting transition.
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Figure 3.7: Cac and Ca∗ as function of r0 for the same parameters used in Fig. 3.6.
Triangles: numerical results for Cac; Squares: numerical results for Ca∗; Curve:
Result for Cac from asymptotic matching for small fiber radius [Eq. (3.37)]; Dotted
line: Result for Cac from asymptotic matching for large fiber radius [Eq. (3.33)].



4
Air Entrainment by Viscous Contact Lines ∗

The entrainment of air by advancing contact lines is studied by plunging a solid plate
into a very viscous liquid. Above a threshold velocity, we observe the formation of
an extended air film, typically 10 microns thick, which subsequently decays into air
bubbles. Exploring a large range of viscous liquids, we find an unexpectedly weak
dependence of entrainment speed on liquid viscosity, pointing towards a crucial role
of the flow inside the air film. This induces a striking asymmetry between wetting
and dewetting: while the breakup of the air film strongly resembles the dewetting of
a liquid film, the wetting speeds are larger by orders of magnitude.

4.1 Introduction

Objects that impact on a liquid interface can entrain small bubbles of air into the
liquid. This happens for example when raindrops fall in the ocean [52] or when liquid
is poured into a reservoir at sufficiently large speeds [20, 53]. Such entrainment of
air is often a limiting factor in industrial applications such as coating and nano-scale
printing techniques, where the bubbles disturb the process [2, 54]. A well studied
case is the entrainment of air by very viscous jets impacting on a reservoir of the
same liquid [20, 53, 55, 56]. The onset of entrainment is essentially determined by the

∗Published as: A. Marchand, T.S. Chan, J.H. Snoeijer and B. Andreotti, Air entrainment by contact
lines of a solid plate plunged into a viscous fluid, Phys. Rev. Lett. 108, 204501 (2012).
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properties of the liquid, Ue ∼ γ/ηℓ, which reflects a balance of the liquid viscosity ηℓ

and the surface tension γ . Changing the nature of the gas only has a minor influence
on the entrainment process [20, 53].

A very different picture has emerged recently in the context of drops impacting
on a wall, for which the presence of air has a dramatic effect [22]. It was found
that splashing can be suppressed completely by reducing the air pressure to about a
third of the atmospheric pressure. This caused huge excitement [57–61], in particular
because such a pressure reduction does not lead to any change of the gas viscos-
ity ηg: pressure only affects the gas density, and thus the speed of sound and the
mean free path in the gas. A similar paradox is encountered for air entrainment by
rapidly advancing contact lines, where a liquid advances over a surface that it partially
wets [2, 23, 39, 62–64]. Once again, it was found that depressurizing the gas leads to
a significant increase of the threshold of air entrainment [23, 65]. This contradicts the
classical viewpoint that, for given wettability, the contact line speed depends mainly
on the liquid properties as ∼ γ/ηℓ [9, 12, 21, 39], with minor influence of the gaseous
phase.

In this Chapter we reveal the role of the air for advancing contact lines in a
paradigmatic system: a partially wetting solid plate is plunged into a reservoir of
viscous liquid. The typical experimental scenario is presented in Fig. 4.1. When the
plate is plunged at small speeds, the contact line equilibrates to form a stationary
meniscus and no air is entrained into the liquid (Fig. 4.1a). Above a critical veloc-
ity, however, the contact line keeps moving downward into the reservoir and deposits
a film of air (Figs. 4.1bc), typically 10 microns thick. The substrate is sufficiently
clean and the vibrations sufficiently low to avoid contact line pinning effects. The
air film rapidly destabilizes after its formation, before ultimately decaying into small
air bubbles (see Supplementary Material section). The liquid viscosity ηℓ is varied
over more than two decades by using silicon oils of different molecular weights. It
is found that the entrainment speed Ue changes much less than the expected scal-
ing ∼ 1/ηℓ. Using an approximate hydrodynamic model we argue that this can be
attributed to the flow of air into the strongly confined film, making the contact line
velocity strongly dependent on both gas and liquid viscosities. This induces a striking
asymmetry between wetting and dewetting: a liquid can advance much faster than it
recedes, by orders of magnitude.

4.2 Experimental setup and results

We explore how this process of air entrainment is influenced when varying the liquid
viscosity. We therefore use silicon oils (PDMS, Rhodorsil 47V series) with dynamic
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Figure 4.1: Air entrainment by a contact line when a solid plate is plunged into a vis-
cous liquid. (a) Sketch of dynamical meniscus below the threshold of air entrainment,
and (b) above the threshold of air entrainment, where a film of thickness h develops.
A high speed camera is placed perpendicularly to the substrate. (c,d) Front views of
the air film entrained into a viscous silicone oil (ηℓ = 0.1Pa.s). (c) The extended air
film is formed behind the contact line and moving downwards into the bath (taken
70 ms after plunging). The film is destroyed by the formation of “rewetting” bridges.
The diagonal dark line is the reflection of a straight wire that gives an impression of
the interface profile. (d) Zoom of the “rewetting” bridge, which is the inverse of the
dewetting of a liquid film. Once the oil reestablishes contact with the solid, a growing
circular zone invades the air film.

viscosities ηℓ = 0.02,0.10,0.5,1.0 and 5 Pa.s. These liquids are essentially non-
volatile, insensitive to contamination, while the surface tension γ = 22 mN.m−1 and
density ρ = 980 kg.m−3 are approximately constant for all viscosities. The reservoir
containing the liquid is a transparent acrylic container of size 29x15x13.5cm, which
is much larger than the capillary length ℓγ = (γ/ρg)1/2 = 1.5 mm. The substrate
consists of a silicon wafer (circular, diameter 10cm), which is coated by a thin layer
of fluorinated material (FC 725 (3M) in ethyl acetate). For all liquids, this results into
static contact angles between 51◦ and 57◦. The wafer is clamped onto a 10 mm thick
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metallic blade screwed to a 50 cm long high-speed linear stage. The combination of
controlled speeds and very viscous liquids avoids complexities of splashing as well
as the formation of interface cusps [2, 23, 39, 63, 64]. In addition the effect of inertia
is eliminated both in the gas and in the liquid: the Reynolds number based on the
film thickness h and on the entrainment threshold Ue is at worst ∼ 0.2, but typically
orders of magnitude smaller. For each liquid, we plunge the wafer into the reservoir
at different plate velocities Up, up to 0.7m/s. The process is recorded using a high-
speed Photron SA3 camera (2000Hz, 1024x1024pixels). The contact line velocities
are extracted from space-time diagrams using a correlation technique with a sub-
pixel resolution, leading to a precision within a percent. Reproducibility is within
15%. The film thickness h is determined by dividing the volume of air entrained in
the bath by the surface of the film (see experimental methods in the Supplementary
Material). The resulting thickness is reported in Fig. 4.2c for a fixed plate velocity,
and is of the order of 10 µm for all viscosities.

Interesting dynamical structures are observed during air entrainment (Fig. 4.1c).
At the front of the film, the contact line develops a ridge-like shape that is common
for dewetting of liquid films [51, 66, 67]. The peculiarity of the present experiment
is that in this case the air is dewetted, not the liquid. An even more striking analogy
with classical dewetting of liquids is the nucleation of nearly circular regions inside
the film (Fig. 4.1d). However, the circles now represent regions of rewetting, where
the liquid reestablishes the contact with the solid [68]. These “rewetting bridges” can
be considered as the inverse of the “dewetting holes”, since the roles of air and liquid
are exchanged. The bridges form nearly perfect circles, apart from the two largest
viscosities for which they are slightly stretched vertically; bridges that form after the
plate is stopped are circular for all ηℓ. The radius of the bridge increases linearly with
time, and the advancing contact lines collects the air inside a thick rim. While this is
analogous to the inverse problem of the dewetting holes, the process is by no means
symmetric: the rewetting circles grow with a velocity Ue that is orders of magnitude
faster than their dewetting counterparts, up to a factor 1000 for the liquids used in
this study.

We further quantify the velocity of air entrainment for different liquid viscosities.
A first measurement of Ue is obtained from the growth velocities of the rewetting
bridges as in Fig. 4.1d. To ensure perfectly circular bridges, measurements are done
immediately after stopping the plate. A second entrainment velocity is given by the
plate velocity at which the film first appears. Since by definition, the contact line
hardly moves downward at the transition, this velocity is most accurately determined
from experiments well above the transition according to the following principle. By
selecting a central part of the front of the air film, we first obtain the contact line
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Figure 4.2: (a) Contact line velocity Ucl (triangles) as a function of the plate velocity
Up, for ηℓ=0.1Pa.s. The relative velocity Up−Ucl (circles) is independent of the plate
speed. (b) Entrainment speed Ue for different liquid viscosities ηℓ, measured in two
ways: the diamonds represent the relative velocity with respect to the plate, Up−Ucl ,
while the circles are the bridge rewetting speeds (see Fig. 4.1d). (c) Film thickness
h for different ηℓ, taken at constant plate velocity Up = 0.67 m.s−1. The open circle
was taken for a liquid jet of glycerol entraining air at the same speed [53]. The error
bars are determined from a set of independent measurements.

velocity Ucl in the frame of the liquid reservoir. Figure 4.2a reports the measured val-
ues for ηℓ = 0.1 Pa.s, showing that the contact line velocity increases linearly with
plate velocity Up. Interestingly, however, the relative velocity, Ue = Up −Ucl , turns
out to be independent of the plate velocity. Clearly, the film can only develop if the
contact line can propagate downwards, i.e. when Ucl > 0 or Up > Ue, thus provid-
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Figure 4.3: Dimensionless entrainment speed, Cae = Ueηℓ/γ , versus the viscosity
ratio ηg/ηℓ for: silicon-oil/air (•, ⋄, present data), silicon-oil/air (� after [23]) and
various liquids/air (N after [69]). Curves: numerical results discussed in the Supple-
mentary Material. Corresponding parameters: oil slip lengths λℓ = 10−5ℓγ , and air
slip lengths λg = 10−4ℓγ (solid line) and 10−2ℓγ (dotted line), corresponding to mean
free paths ℓmfp = 70 nm (solid) and 7 µm (dotted). The theoretical curves do not
suggest a definite exponent.

ing an accurate determination of the critical speed. In analogy to receding contact
lines this velocity appears to be an intrinsic property of the advancing contact line,
independent of Up [12]. In other words, the structure of the contact line and the film
appear to be completely independent from the bath: only the velocity relative to the
plate matters. Indeed, the rewetting bridges display the same rim-like structure as the
contact line front in Fig. 4.1c. This suggests that we may consider the growth ve-
locity of the rewetting bridges to be an independent measurement of the entrainment
velocity. The resulting entrainment velocities Ue are shown in Fig. 4.2b, as a function
of liquid viscosity ηℓ. Indeed, the two experimental definitions of Ue agree very well
for the smallest ηℓ (open diamonds are based on the front of the film, closed circles
correspond to rewetting bridges). For larger ηℓ, the film rapidly destabilizes and it
is more difficult to define the front of the film. This induces a difference between
the two types of velocity measurements of about a factor 2; the bridge velocities are
certainly more reproducible in this very viscous regime.

The key result of the velocity measurements is that, although Ue decreases with
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liquid viscosity, the dependence is clearly much weaker than the expected ∼ 1/ηℓ.
The entrainment speed is reduced by a factor 10, while viscosity is varied by a factor
250 (Fig. 4.2b). The data would be reasonably fitted by an exponent −1/3 or −1/2,
but we refrain from claiming any definite power-law dependence. Since the liquid
inertia is negligible for these highly viscous liquids, this means that the properties of
the air must have a significant influence on the entrainment speed. On the other hand,
the speed is not determined by the air alone, since that would yield no dependence
on ηℓ at all. To reveal the interplay between air and liquid phases, we introduce a
dimensionless capillary number, Cae =Ueηℓ/γ , that is based on the liquid viscosity.
The experimental results are represented in Fig. 4.3, showing Cae versus the ratio
of gas and liquid viscosities ηg/ηℓ (closed circles and open diamonds). Clearly, the
capillary number for air entrainment displays a dependence that is much stronger than
∼ ln(ηℓ/ηg), which is the scaling for air entrainment by liquid jets [20, 53] and the
prediction by Ref. [21]. The air thus has a much larger influence than expected. On
the same figure we collected data from the coating literature, based on tapes running
continuously in a bath, showing a similar trend (various symbols, see caption). Note
that in these experiments the contact line typically develops a sharp cusp from which
small air bubbles are emitted, rather than an extended air film. At present there is no
detailed understanding of the conditions necessary to trigger such cusps. In the case
of receding contact lines, however, the instability of cusps are known to give similar
values for Cac as straight contact lines [1, 12, 14].

4.3 Interpretation and discussion

How can one understand the influence of the air, despite its very small viscosity?
The key lies in the geometry of the flow near the entrainment transition. In the re-
ceding case, where the plate is pulled from the bath, it is well-known that a liquid
film appears whenever capillary forces can no longer balance the viscous drag. This
transition occurs when the apparent, dynamic contact angle θ → 0 [3]. In this small
contact angle limit, the rate of viscous dissipation scales as ∼ ηℓU2/h [9, 39], where
h ≃ θx is the local thickness of the liquid, and x the distance to the contact line. The
1/h proportionality for the dissipation has two key consequences. First, the geomet-
ric confinement of liquid to a shallow wedge, as in Fig. 4.4a, enhances viscous effects
due to the factor 1/θ . Second, the dependence ∼ 1/x shows that dissipation is largest
at small scales. As a consequence, the integrated viscous dissipation is due to all
length scales, with comparable contributions from each decade between nanometer
and millimeter. In the advancing case, however, the flow direction is reversed and the
interface bends towards an angle θ → π . Figure 4.4b shows the classical solution for
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Figure 4.4: Streamlines in a perfect wedge [6] of angle θ for (a) a receding contact
line (with θ close to 0), and for (b) an advancing contact line (with θ close to π). In
the advancing case, the viscous dissipation in the gas phase will dominate over the
liquid phase due to the strongly confined circulation in the gas wedge. (c) Shape of
the curved interface near the entrainment threshold. In a range of thickness h between
the molecular scale and the scale ℓγ of the bath, the local angle θ is close to π so that
dissipation is dominated by air. Inset: When the mean free path ℓmfp is comparable
to h, then air behaves as a Knudsen gas.

a perfect wedge by Huh & Scriven [6], illustrating that the flow of liquid becomes
increasingly smooth when θ approaches π . In fact, it can be shown from these solu-
tions that the liquid dissipation ∼ (π −θ)2 for angles close to π (see Supplementary
Material). While this would enable arbitrarily large speeds when θ → π , this mech-
anism is counteracted by the flow in the remaining wedge of air. The air becomes
increasingly confined to an angle π −θ , and the associated gas dissipation scales as
∼ 1/(π −θ). Hence, even the smallest gas viscosity ultimately gives a lower bound
on the dissipation, and thus an upper bound on the advancing speed.

A quantitative theory for air entrainment requires a more detailed description of
the interface shape, which in reality is strongly curved (Fig. 4.4c). This means that
the local angle θ should be considered to vary with x, and that Fig. 4.4b only pro-
vides a local estimate of the flow field. For air entrainment to occur, however, there
must be a range of scales where the air flow is dominant, which from the above scal-
ing arguments occurs when (π − θ) < (ηg/ηℓ)

1/3. Since each decade provides a
comparable dissipative contribution, this qualitatively explains why total dissipation
involves both ηℓ and ηg. We further model this in the spirit of [29, 70], extending the
common lubrication approximation to large slopes and two-phase flow – see Supple-
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mentary Material for details. Numerical solution of the model provides the shape of
the interface, as well as the capillary number for entrainment. The latter is shown in
Fig. 4.3 (solid line). Since the model is derived by assuming small interface curva-
tures [29], it cannot be expected to be fully quantitative. Yet, it does capture the order
of magnitude for Cae as well as the dependence on ηg/ηℓ.

In conclusion, we experimentally showed that the entrainment speed of advancing
contact lines does not scale as γ/ηℓ, but exhibits a much weaker variation with liquid
viscosity. We explain this by the influence of the air flow when the local angle of
the interface is close to π . Can such a scenario explain the observed increase of
entrainment speed when depressurizing the air [23, 65]? A pressure reduction does
not affect the dynamical viscosity of a gas [71]. However, as also mentioned in
[23, 65], it does increase the mean free path ℓmfp by a factor ℓmfp ∼ patm/p. Since
under atmospheric conditions ℓmfp ≈ 70 nm, the mean free path is pushed well into
the micron range when pressure is reduced by a factor 100. The mean free path then
becomes comparable to the film thickness measured experimentally. Since ℓmfp sets
the scale for the slip length [72], we expect a substantial reduction of dissipation in
the gas, and hence a larger entrainment velocity. Indeed, upon introducing ℓmfp as the
slip length, the model yields an increase of Cae (Fig. 4.3, dotted line). This provides
the exciting perspective that depressurized air is a Knudsen gas when entrained by
advancing contact lines (Fig. 4.4c).

4.4 Supplementary Material

In this Supplementary Material, we describe the technical details of the experimental
and theoretical results provided in this Chapter. First, we provide the two-phase
lubrication equation, based on Huh & Scriven’s [6] analytical solution for the flow in
a wedge, which was used to obtain the numerical results. Then, we derive an estimate
for the viscous energy dissipation rates in both the liquid and gas phases. Third, we
detail the experimental procedure used to measure the contact line velocities. Finally,
the experimental procedure used to measure the film thickness is detailed.

4.4.1 Two-phase hydrodynamic model

The model summarized here will be presented in more detail in Chapter 5, where it
will also be compared to lattice Boltzmann simulations. We consider a solid plate
vertically translating across two immiscible fluids at a constant speed Up. Below
a threshold velocity Ue, the interface separating the two fluids deforms gradually
and reaches stationary state. We investigate these stationary states of the interface
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Figure 4.5: Schematic diagram of a plate plunging into a liquid reservoir with con-
stant speed Up.

and from this determine the critical velocity beyond which a film of one phase is
entrained. The Reynolds number is assumed to be small such that the flow can be
obtained from Stokes equation. We introduce the thickness h of the film and the local
interface angle θ as shown in Fig. 4.5. The origin of the vertical axis x is taken at the
contact line. Laplace’s law relates the local curvature κ of the interface to the normal
stress difference across the interface τg and τℓ:

γκ = γ
dθ
ds

= τℓ− τg, (4.1)

where γ is the surface tension between the two fluids and s the curvilinear coordinate.
s = 0 is the contact line so that h(s = 0) = 0. Differentiating Eq. (4.1) with respect to
s, we obtain

γ
d2θ
ds2 =

dτℓ
ds

−
dτgl

ds
. (4.2)

To evaluate the derivatives of the normal stresses τg and τℓ, we need to determine
the velocity fields in both phases, which themselves depend on the shape of the in-
terface. The exact resolution of this two-phase, multiscale, free boundary problem is
extremely challenging. In the spirit of [29, 70], our approach here is to approximate
the local velocity field by the flow field in the wedge of angle θ , tangent to the curved
interface [6]. Fig. 4.4a shows the corresponding streamlines of the flows in a wedge
confining air in a very narrow region. For these solutions, the gradient of the non-
isotropic part of the normal stress at the interface vanishes, such that normal stresses
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can be replaced by pressures. The equation governing the interface reads:

γ
d2θ
ds2 =

[
ηg∇2U⃗g −ηℓ∇2U⃗ℓ− ∇⃗(Φg −Φℓ)

]
int
· e⃗s (4.3)

where U⃗g, U⃗ℓ, ηg, ηℓ ,Φg and Φℓ are the velocities, the viscosities and the gravitational
potentials of gas and liquid respectively. e⃗s is the unit vector tangent to the interface.
As indicated by the index “int”, all quantities are evaluated at the interface. The
viscous terms can be written as (using [6]):

ηℓ

[
ηg

ηℓ
∇2U⃗g −∇2U⃗ℓ

]
int
· ês =

3ηℓUp f
(

θ , ηg
ηℓ

)
h2 , (4.4)

and

f (θ ,R) ≡ 2sin3 θ [R2 f1(θ)+2R f3(θ)+ f1(π −θ)]
3[R f1(θ) f2(π −θ)− f1(π −θ) f2(θ)]

f1(θ) ≡ θ 2 − sin2 θ
f2(θ) ≡ θ − sinθ cosθ
f3(θ) ≡ (θ(π −θ)+ sin2 θ).

(4.5)

The gravity terms reads[
∇⃗(Φℓ−Φg)

]
int
· ês =−(ρℓ−ρg)gcosθ . (4.6)

Finally, Eq. (4.3) takes the form:

d2θ
ds2 =

3Ca
h2 f

(
θ ,

ηg

ηℓ

)
− cosθ

ℓ2
γ

(4.7)

where

Ca =
ηℓUp

γ
, ℓγ =

√
γ

(ρℓ−ρg)g
. (4.8)

This equation must be complemented by the geometrical relation

dh
ds

= sinθ . (4.9)
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Figure 4.6: Correction factor r that must be introduced in the viscous stress to de-
scribe a confined gas, as a function of Knudsen number defined as the ratio of thick-
ness h and mean free path ℓmfp. Data taken from [73], solid line is the best fit by
(4.10).

In order to remove the singularity at the moving contact line, the liquid slip length
λℓ is introduced in the interface equation in a way such that it reduces to the standard
lubrication equation as ηg/ηℓ → 0 and θ → 0 [13]. For the air, it is known that the
viscous friction gets reduced when confined in a film of thickness h that is comparable
to the mean free path ℓmfp [73], since the number of collisions is reduced. Figure 4.6
shows experimental points of the correction factor r that must be introduced to de-
scribe a confined gas obtained by Andrew & Harris [73]. This graph shows that r
only depends on the Knudsen number, h/ℓmfp. The data are accurately fitted by

r =
h

h+3λg
, (4.10)

suggesting that the air flow experiences an effective slip length λg. The best fit is
obtained using λg = 2.4ℓmfp. Introducing the two slip lengths into our model, the
interface equation becomes

d2θ
ds2 =

3Ca
h(h+3λℓ)

f
(

θ ,r
ηg

ηℓ

)
− cosθ . (4.11)



4.4. SUPPLEMENTARY MATERIAL 61

Eq. (4.11) can be solved numerically to obtain the shape of the dynamical menis-
cus, similar to [13]. At the contact line, we assume that the microscopic contact angle
θ(s = 0) = θe is independent of Ca (and equal to Young’s contact angle). At the bath,
the interface tends to a horizontal flat reservoir, i.e. θ(s → ∞) = π/2. A typical so-
lution is shown in Fig. 4.7. The maximum speed for static solutions is determined
numerically for various ηg/ηℓ and gives the curves in Fig. 4.3.

4.4.2 Energy dissipation rate

Here we derive the viscous energy dissipation rate in both liquid and air, based on the
analytical solutions of a flow in a wedge due to Huh & Scriven. We then evaluate the
asymptotic behavior when the dynamic contact angle θ is close to π . We consider
a circular region of radius L and centered at the contact line. An inner cutoff length
scale λ (typically the slip length) is introduced to avoid the viscous singularity. The
total viscous dissipation rate Ėvis inside the semicircular region of radius L can be
expressed as

Ėvis = 2ηℓ

∫ L

λ

∫ θ

0
ei jei jrdϕdr+2ηg

∫ L

λ

∫ π

θ
ei jei jrdϕdr, (4.12)

where ei j is the rate-of-strain tensor. It is worth mentioning that the lubrication equa-
tion (4.7) can be recovered from the power balance equation. For this, one needs
to balance the viscous dissipation computed above with the work done by capillary
forces. These capillary forces consist of a contribution γ(cosθ − cosθe) and the nor-
mal stress exerted on the boundaries of the control volume bounded by λ and L.

For the wedge solution, the velocity field does not depend on r, so the components
of ei j are of the form

eϕϕ =
1
r

(
∂Uϕ

∂ϕ
+Ur

)
= 0,

err = 0,

erϕ =
r
2

∂
∂ r

(
Uϕ

r

)
+

1
2r

∂Ur

∂ϕ
. (4.13)

Evaluating the flow field of [6], we get:

Ėvis =−3ηℓU2 ln
(

L
λ

)
f (θ ,R)
sinθ

. (4.14)

Since air entrainment occurs when θ is close to π , we study the asymptotic behavior
of Ėvis in this limiting case. When π − θ is still much larger than (ηg/ηℓ)

1/3, Ėvis
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Figure 4.7: Shape of the air/liquid interface predicted by the hydrodynamic model
(4.11). Just below the entrainment threshold, the meniscus, seen at different scales
on the three panels, is stationary and connects the contact line to the bath. The gray-
level indicates the fraction of the total dissipation due to each phase; the relative
importance of gas and liquid depends on the scale. Axis are in units of capillary
length ℓγ .

goes as

Ėvis = 3ηℓU2 ln
(

L
λ

)
(π −θ)2. (4.15)

In this case the liquid still dominates. But once π − θ becomes much smaller than
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(ηg/ηℓ)
1/3, Ėvis goes as

Ėvis =
12ηgU2 ln

( L
λ
)

π −θ
. (4.16)

When the film is sufficiently flat, the air becomes dominant even though the air vis-
cosity ηg is much smaller than the liquid viscosity ηℓ.

4.4.3 Measurements of the contact line velocities

Fig. 4.8 shows a space-time diagram obtained in the central part of the silicon wafer
(see Fig. 4.1c). The velocity of both the plate Up and the contact line Ucl can be
determined in the frame of reference of the laboratory, by measuring the slopes of the
lines appearing in the space-time diagram.
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350300250200150100500

Figure 4.8: Space-time diagram obtained by extracting a vertical line from a high
speed movie (2000 frames per second). Here the plate plunges at 50 cm/s into a
liquid bath of viscosity ηℓ = 0.5 Pa.s. The wafer trajectory is detected in blue with
an algorithm based on a maximum correlation. The contact line, shown in red, is
obtained with the same algorithm – the air film corresponds to the lighter areas. Note
the triangular shapes corresponding to rewetting bridges. Note also the black hori-
zontal line, which is the image of a straight wire through the wafer, which is distorted
by the interface and therefore gives the slope of the interface profile.

These velocity measurements are based on a correlation technique. We first de-
termine the position of the contact line by looking at the transition between light and
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dark areas. We determine the maximum of the grey level gradient (using a 10 pixels
kernel) with a sub-pixel resolution. We then measure the contact line velocity by
maximizing the image correlation with respect to the slope, again with a sub-pixel
resolution. The entrainment velocity is finally deduced in this first method from the
difference between the plate velocity and the contact line velocity in the laboratory
frame.
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Figure 4.9: Velocity measurement of the contact line and of the wafer. Inset: Cor-
relation S(v) between three consecutive frames of the sequence shown in Figure 4.8,
once translated at the velocity v. The minimum represents the local slope, and is de-
tected at the position of the green arrow by fitting data to a parabola (dotted line). The
minimum is almost at zero, which indicates that the correlation is good. Main graph:
local velocity along the detected lines of Figure 4.8. The mean values are represented
by the blue and red lines and are measured before the breaking phase at ti ≈ 250. The
green point represents the value measured in panel (a). The wafer velocity is finally
measured here at Up = 44.7 cm/s and the contact line velocity at Ucl = 38.6 cm/s.

For high viscosities, the rewetting bridges destabilize rapidly the contact line, and
the direct velocity measurement is less precise. However, one can measure with the
same tools the growth velocity of the rewetting bridges, in their frame of reference.
We observe that both vertical and horizontal velocities are the same in the hole frame,
as the holes remain almost always circular.
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Figure 4.10: Four images showing the development of the air film and the formation
of spherical bubbles that slowly rise to the surface. The yellow contours show our
estimate of the film surface at each time. The film thickness is determined as the ratio
of the bubble volume (determined accurately from the last image) to the film surface
(shown in yellow in the last image).

4.4.4 Measurements of the film thickness

The air film thickness is determined as the volume of air entrapped in the liquid di-
vided by the surface of the film. More precisely, we consider the surface of film
produced close to the bath. When rewetting bridges appear, we still consider the
surface that would have been covered if the film had been stable. This is illustrated
in Fig. 4.10 where one can see the appearance of a flat film (top left), then the ap-
pearance of the first rewetting bridges, and finally the progressive destruction of the
contact line. The effective surface of air taken into account is the surface enclosed
by the yellow line. The upper part corresponds to the level at which the film starts,
few millimeters below the bath level. The lower part is a portion of circle of the same
diameter as the wafer, moved downward at the mean contact line velocity.

The air bubbles trapped at the end of an experiment are imaged with a cam-
era Nikon D300s (4288x2848 pixels) mounted with macro-lens. The size of each
bubble is determined within a 10 µm resolution, by fitting an elliptic shape. The
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bubbles slowly rise at constant velocity along the wafer. We wait for the relaxation of
their shapes to almost perfect spheres before performing the measurement. We have
checked on few examples that their rising velocity was consistent with the geometric
determination of their radius. Looking from the side, we have checked that there is
not a single bubble attached to the wafer.

The measurement of the volume of air entrained turned out to be both very re-
producible and very accurate. Most of the uncertainty on h actually results from the
estimate of the surface covered by the air film (yellow line in Fig. 4.10). We have
performed each experiment several times, with an independent determination of the
bubble and of the surface. The statistical error on the volume is very low while that
on the surface depends a lot on the viscosity. When the film remains stable for a long
time, we get a correct reproducibility but this becomes harder and harder to achieve
when the film gets more fragile. Statistical error bars therefore reflects adequately
the difficulty encountered in the measurement.



5
Hydrodynamics of air entrainment by moving

contact lines ∗ †

5.1 Introduction

The preceding Chapter revealed a surprising scenario for air entrainment by rapidly
advancing contact lines. By plunging a plate into reservoirs of different liquids, we
observed an unexpectedly weak dependence of the critical speed for air entrainment
on the liquid viscosity ηℓ. The perturbation analysis by Cox [21] suggested that the
critical speed scales as 1/ηℓ, with logarithmic corrections due to the viscosity of the
air. This is similar to the scenario for air entrainment by viscous cusps [20], such
as observed for impacting liquid jets [19]. Our experiments for advancing contact
lines, however, show that the dependence on ηℓ is much weaker than predicted; en-
forcing a power-law fit to our data would give a small exponent, in between -1/2 and
-1/3 rather than the expected -1. In the preceding Chapter we argued that this can
be attributed to the viscous stress inside the air, which is strongly enhanced when
the apparent contact angle approaches π . The importance of air was already high-
lighted in similar dip-coating experiments, where a reduction of the ambient pressure

∗The part related to the generalized lubrication model in this chapter is part of the present thesis.
The lattice Boltzmann simulations were performed by Sudhir Srivastava.

†Manuscript to be submitted: T.S. Chan, S. Srivastava, A. Marchand, B. Andreotti, L. Biferale, F.
Toschi and J.H. Snoeijer, Hydrodynamics of air entrainment by moving contact lines.
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was shown to significantly enhance the critical speed of entrainment [23]. Yet, this
raises another paradox: the dynamical viscosity of the air is virtually unchanged by a
pressure reduction.

In this Chapter we provide a new framework to study air entrainment by advanc-
ing contact lines, in which the two-phase character of the flow is taken into account.
The usual lubrication approximation is valid for small (liquid) contact angles and
does not take into account the flow inside the gas. Since both assumptions are no
longer valid near the onset of air entrainment, we extend the lubrication approxima-
tion such that it allows for large angles and a nonzero gas viscosity. This approach is
validated by comparing to Lattice Boltzmann simulations. We show that the meniscus
shapes obtained from the generalized lubrication model agrees well with the simu-
lations. Note, however, that such simulations are limited in terms of viscosity ratio
and spatial resolution (i.e. the separation between the capillary length and the micro-
scopic cutoff), and cannot achieve experimental conditions for air entrainment. To
compare to experiments and to explore the parameter space, in particular the impor-
tance of air viscosity ηg, we therefore provide a detailed study using the generalized
lubrication model.

5.2 Formulation

We consider a smooth, chemically homogeneous solid plate translating across an in-
terface of two immiscible fluids at a constant speed Up (positive/negative for plung-
ing/withdrawing). As sketched in Fig. 5.1, the two liquids are contained in a reservoir
much larger than all the lengths of the problem and the plate can be inclined to any
angle α . If the plate is not moving (Up = 0) there is no flow in the fluids, and the inter-
face equilibrates to a static shape due to balance between capillarity and gravity. The
interface makes an equilibrium angle θe with the solid as a result of intermolecular
interaction between the three phases at the contact line. Neglecting the contact angle
hysteresis, θe takes a well-defined value determined by Young’s law. The contact line
equilibrates at a distance ∆ above the bath, which can be expressed as

∆ =±ℓγ
√

2 [1− cos(α −θe)]. (5.1)

Here, ℓγ =
√

γ
(ρℓ−ρg)g

is the capillary length, defined by surface tension γ , gravity

g and the density difference ρℓ−ρg. The ± sign depends on whether θe is smaller
(+) or larger (-) than the plate inclination α . When addressing the transition to air
entrainment, we will consider the upper phase A in Fig. 5.1 to be gaseous, while
phase B is a liquid. We therefore use subscripts ‘ℓ’ and ‘g’ to indicate liquid and gas
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Figure 5.1: Schematic diagram showing a plate moving with speed Up with respect to
an interface of two immiscible fluids. The plate has an inclination α , here drawn with
α = π/2 for the case of a vertical plate. The interface touches the wall at the contact
line with an angle assumed to be the same as the equilibrium contact angle θe. The
meniscus profile is described by h(x) or the local angle θ(s), where s is the arc length
of the interface measured from the contact line. The total meniscus deformation is
quantified by ∆, the distance between the contact line and the level of the bath.
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phase respectively.
When the plate is moving, the viscous drag generated by the moving plate grad-

ually deforms the fluid-fluid interface. As long as the speed of the plate is below a
threshold value, the meniscus equilibrates at a new value of ∆ (see Fig. 5.1). For
positive Up the plate is moving downwards and ∆ will be below the static equilibrium
height, while the opposite holds for negative Up. The contact line is assumed to be
straight so that the problem can be treated as two-dimensional. The interface profile
is described by film thickness h(x). The contact line position is at x = 0. When the
plate is moving beyond a critical speed, the meniscus can no longer equilibrate to a
steady state. In the case of receding contact lines (withdrawing plate) this leads to
the deposition of a liquid film [3, 12–14, 18, 74, 75], while air will be entrained for
advancing contact lines [2, 23, 39, 62–65, 76].

In this study we only focus on viscous flows, for which the Reynolds number is
assumed to be zero. Thus for incompressible fluids, the flow fields in the fluids are
described by Stokes equations and continuity,

ηg∇2⃗ug − ∇⃗pg − ∇⃗Φg = 0, ∇⃗ · u⃗g = 0, (5.2)

and
ηℓ∇2⃗uℓ− ∇⃗pℓ− ∇⃗Φℓ = 0, ∇⃗ · u⃗ℓ = 0, (5.3)

where u⃗g and u⃗ℓ, pg and pℓ, Φg and Φℓ are the corresponding velocity fields, pressures
and gravitational potentials in phase A and phase B respectively. When considering
air entrainment, phase A is assumed a gas with viscosity ηg, and phase B is liquid
with viscosity ηℓ. The relative viscosity is expressed by the viscosity ratio R = ηg/ηℓ

which, in practical situations, can be very small.
To solve for the flow fields and the interface shape, we need to specify appropriate

boundary conditions. At the steady interface, the velocities parallel to the interface
ut are continuous and the velocities normal to the interface un vanish, so

ut
g = ut

ℓ (5.4)

and
un

g = un
ℓ = 0. (5.5)

In each phase, we define the normal stresses σ n ≡ n̂ · σ̂ · n̂ at the interface, where
n̂ is the unit vector normal to the interface and the stress tensor σ̂ is defined as (in
Cartesian coordinates)

σi j ≡−pδi j +η
(

∂ui

∂x j
+

∂u j

∂xi

)
. (5.6)
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The normal stress discontinuity across the interface is related to the curvature κ and
to the surface tension γ by Laplace’s law

σ n
ℓ −σn

g = γκ . (5.7)

By contrast, the stresses parallel to the interface σ t ≡ t̂ · σ̂ · n̂ are continuous at the
interface,

σ t
g = σ t

ℓ . (5.8)

At the solid/fluid boundary (y = 0), the velocity normal to the wall uy(y = 0)
vanishes as no penetration of fluid through the solid is allowed, i.e.

uy(y = 0) = 0. (5.9)

Regarding the velocity component parallel to the wall, ux(y = 0), the situation is
more subtle because of the moving contact line singularity [6, 9]. Namely, imposing
a no-slip boundary condition leads to diverging stress fields and calls for a micro-
scopic mechanism of regularization. In the following section we present two methods
to solve the flow equations, a generalized lubrication model and Lattice Boltzmann
simulations, which naturally involve different regularizations of the singularity. The
microscopic boundary condition will therefore be discussed separately below.

5.3 Methods

In this section we present two methods to determine the meniscus shape sketched in
Fig. 5.1. We first present a model that can be considered as a generalization of the
standard lubrication approximation. We then present the Lattice Boltzmann method,
which is a rather different approach to solve for the flow and the meniscus shape. The
models will be referred to as GL (Generalized Lubrication model) and LB (Lattice
Boltzmann).

5.3.1 Generalized Lubrication model

Derivation

The lubrication approximation has been a very efficient framework to deal with thin
film flows [10]. This systematic reduction of the Navier-Stokes equations is very suit-
able for numerical simulations and in many cases allows for analytical results [9]. It is
usually derived for flows that involve a single phase that constitutes a “thin” film, i.e.
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the slopes dh/x are assumed small. However, the expansion parameter underlying the
analysis is not the interface slope, but the capillary number Ca = Uηℓ/γ [10]. This
means that a lubrication-type analysis can be performed whenever surface tension
dominates over viscosity. Indeed, it was shown in [29] that the lubrication approxi-
mation can be generalized to large interface angles θ , giving a perfect agreement with
the perturbation results by Voinov [27] and Cox [21]. Here we further generalize this
approach, by including not only the effect of a large slope, but also taking into ac-
count the viscous flows at both sides of the interface. The goal is to provide a model
that can deal with moving contact lines in cases where both phases are important (as
in Fig. 5.1). In particular, this will allow studying the air entrainment transition.

Let us now derive this generalized lubrication model (GL). As mentioned in the
preceding section, the interface curvature κ is determined by the normal stresses
difference across the interface. In curvilinear coordinates, we write

γκ ≡ γ
dθ
ds

= σ n
ℓ −σn

g , (5.10)

where θ is the local tangential angle and s the arc length of the interface (see Fig.
5.1). The normal stresses have to be determined from the flows in the fluids, which
themselves depend on the shape of the interface. For the usual lubrication theory in
which the interface slope is small, the leading order contribution of the flow reduces
to a parabolic Poiseuille flow inside the film. This can be generalized to two-phase
flows and large interface slopes: as long as the capillary number is small, the interface
curvature will be small and the leading order velocity field is given by the flow in a
wedge (Fig. 5.2). The wedge solutions were obtained analytically already by Huh &
Scriven, and can be solved for any viscosity ratio R = ηg/ηℓ and for any wedge angle
θ . Fig. 5.2 shows the corresponding streamlines. Based on these exact solutions,
the local normal stresses can be determined, thus giving the local curvature of the
interface through Eq. (5.10).

We denote the quantities derived from Huh-Scriven solution by capital symbols,
e.g. normal stress is denoted as Σn, velocity as U⃗ and pressure as P. For the Huh-
Scriven solution, it turns out that the non-isotropic part of the normal stress at the
interface vanishes so that

Σn =−P. (5.11)

Approximating the normal stresses by the Huh-Scriven solutions, Eq. (5.10) becomes

γ
dθ
ds

= Σn
ℓ −Σn

g = Pg −Pℓ. (5.12)
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Since Pg−Pℓ are defined up to an integration constant, it is convenient to differentiate
Eq. (5.12) once with respect to s, giving

γ
d2θ
ds2 =

dPg

ds
− dPℓ

ds
=
[
∇⃗Pg − ∇⃗Pℓ

]
int
· ês. (5.13)

The index ”int” indicates that the quantities inside the brackets are to be evaluated on
the interface and ês = t̂ is the unit vector tangent to the interface.

When Stokes equation (5.2) is applied, Eq. (5.13) can be rephrased in terms of
the Huh-Scriven velocity fields, i.e.

γ
d2θ
ds2 =

[
ηg∇2U⃗g −ηℓ∇2U⃗ℓ− ∇⃗(Φg −Φℓ)

]
int
· ês. (5.14)

The viscous contributions on the right hand side can be expressed in terms of R and
θ in the form

ηℓ

[
ηg

ηℓ
∇2U⃗g −∇2U⃗ℓ

]
int
· ês =

3ηℓUp f (θ ,R)
h2 , (5.15)

where

f (θ ,R) ≡ 2sin3 θ [R2 f1(θ)+2R f3(θ)+ f1(π −θ)]
3[R f1(θ) f2(π −θ)− f1(π −θ) f2(θ)]

f1(θ) ≡ θ 2 − sin2 θ
f2(θ) ≡ θ − sinθ cosθ
f3(θ) ≡ (θ(π −θ)+ sin2 θ).

(5.16)

The gravity terms in (5.14) can be simplified to

∇⃗ [Φg −Φℓ]int · ês =−(ρℓ−ρg)gsin(θ −α), (5.17)

where ρg and ρℓ are the densities of the two phases.
The final result of the analysis is a generalized form of the lubrication equation,

which after scaling all lengths with the capillary length lγ =
√

γ
(ρℓ−ρg)g

becomes

d2θ
ds2 =

3Ca
h2 f (θ ,R)+ sin(θ −α). (5.18)

In the remainder we will use the same symbols for rescaled lengths. Once more, the
capillary number is defined based on the viscosity of the liquid, Ca = ηℓUp/γ . This
equation must be complemented by the geometrical relation
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�
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θwed 

Figure 5.2: Streamlines of flow in a wedge of angle θwed , which in this case is close
to π . This flow solution was derived analytically by Huh & Scriven [6], and is used
here to derive a generalized lubrication model.

dh
ds

= sinθ . (5.19)

Note that for all numerical examples in the remainder of this Chapter we consider a
vertical plate, for which α = π/2.

One easily verifies that the standard lubrication equation is recovered when taking
the limit of vanishing R, θ and α . Namely, f (0,0) =−1 and (5.18) reduces to

h′′′ =
−3Ca

h2 +h′−α. (5.20)

Remember that Ca is negative when the plate is moving upward. When considering
a single phase with arbitrary slope, one recovers the equation previously proposed
in [29], with f (θ ,0) instead of f (θ ,R).

Slip boundary condition

It is important to note that Eq. (5.18) is derived from the Huh-Scriven solution with
no-slip boundary condition. Near the contact line, however, this induces a divergence
of the pressure and of the shear stress, which scale as ∼ ηℓUp/h and ∼ ηgUp/h in
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the liquid and the gas respectively. A purely hydrodynamic approach to regularize
the singularity is to impose a slip boundary condition on the solid wall. No solution
for the flow in a wedge with slip can be obtained analytically. However, as contact
line flows are only mildly affected by the details of the microscopic conditions [9,
77], we proceed by a phenomenological regularization. We therefore consider the
standard lubrication equation, which can be derived including a Navier slip boundary
condition. It reads

h′′′ =
3Ca

h(h+3λs)
−h′+α, (5.21)

where λs is the slip length. In comparison to (5.20), the effect of slip can be summa-
rized by a correction factor h/(h+ 3λs) for the viscous term. Indeed, this weakens
the singularity such that the equations can be integrated to h = 0 [78].

We simply propose to use the same regularization factor for the viscous term in
(5.18), i.e.

d2θ
ds2 =

3Ca
h(h+3λs)

f (θ ,R)+ sin(θ −α). (5.22)

The appropriate boundary conditions are that the equilibrium contact angle θe is re-
covered at the contact line, and that the interface attains the angle of the reservoir at
infinity:

h(s = 0) = 0, θ(s = 0) = θe and θ(s → ∞) = α. (5.23)

The meniscus shape is now fully determined by the lubrication equation (5.22), ge-
ometry (5.19) and boundary conditions (5.23). For a given value of the capillary
number Ca, the model parameters are the viscosity ratio R, the contact angle θe, and
the microscopic length λs. Below we compute the shape of meniscus for different pa-
rameter by numerical solution, using a 4th order Runge-Kutta numerical scheme. As
the boundary conditions are imposed at different locations, the solution is determined
using a shooting algorithm.

5.3.2 Lattice Boltzmann Method

In this section we discuss some of the key features of lattice Boltzmann method
(LBM). In a LBM model, the following discrete Boltzmann equation is solved for
the single particle distribution function fi,α(x, t) over a 2D square lattice:

fi,α(x+ ei∆t, t +∆t)− fi,α(x, t) = Ωi,α(x, t), (5.24)
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where
Ωi,α(x, t) =− 1

σα
[ fi,α(x, t)− f eq

i,α(x, t)],

is the single time relaxation, linear BGK collision operator [79], f eq
i,α(x, t) is the dis-

crete Maxwell distribution function defined as:

f eq
i,α(x, t) = ραwi

[
1+

ei ·uα

c2
s

+
ei ·uα

2c4
s

− uα ·uα

2c2
s

]
, (5.25)

where

ρα = ∑
i

fi,α , ραuα = ∑
i

fi,αei ,

and wi, ei in (5.25) are the weights and the corresponding lattice speeds respectively
[80, 81]. The weights, wi, corresponding to the 2-dimensional and 9 velocity model,
D2Q9, are given by w0 = 4/9, w1 = w2 = w3 = w4 = 1/9, and w5 = w6 = w7 = w8 =
1/36. The total fluid density is ρ = ∑α ρα and the total hydrodynamic velocity is u =

∑α ραuα/ρ . The effective kinematic viscosity is related to the relaxation time of the
different components ν = ∑α c2

s (σαcα − 0.5) [82], cα = ρα/ρ is the concentration,
and cs = 1/

√
3 is the speed of sound on the lattice. In absence of an external force,

each component satisfies the ideal gas equation of state p= c2
s ρ . For multicomponent

simulation we are using two distribution functions (α = 1,2), whereas for multiphase
simulations we restrict ourselves to only one distribution function (α = 1).

Multiphase/multicomponent model

The multicomponent/multiphase algorithm is based on a standard Shan-Chen lattice
Boltzmann method [82–84]. The non-ideal nature of the fluid is introduced by adding
an internal force by shifting the lattice Boltzmann equilibrium velocity as

ueq
α = u′+

σαFα

ρα
, where u′ =

∑
α

ραuα/σα

∑
α

ρα/σα
. (5.26)

For the non-ideal interaction the force Fα in the Shan-Chen model [82, 84] is given
by:

Fα =−Gαα ′ψα(x) ∑
i,α ̸=α ′

wiψα ′(x+ ei)ei (5.27)

where {α,α ′} = {1,2} are indices for two fluid components while the coupling pa-
rameter Gαα ′ is the strength of the interaction and determines the surface tension
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in the model. This force allows the formation of interface between the different
fluid components. For multicomponent simulations G12 = G21 = G, G11 = G22 = 0,
ψα = ρα . In the case of multiphase simulations α = 1, ψ = 1 − exp(−ρ). The
equation of state is modified to p = c2

s (ρ1 +ρ2)+Gc2
s ρ1ρ2 and p = c2

s ρ + G
2 c2

s ψ2 re-
spectively for multicomponent and multiphase simulations, where the first term cor-
respond to the ideal gas and the second term is the non-ideal part due to the external
Shan-Chen force.

Boundary conditions for LBM simulations

The no-slip boundary condition for the fluid on corresponds to the bounce back
boundary condition [80] for the distribution functions fi,α(x, t) defined at the bound-
ary nodes.

The surface wetting for multicomponent simulations is introduced by adding an
additional force at the wall [85, 86]

Fads
α =−Gads

α ρα(x, t)∑
i

wis(x+ ei)ei, (5.28)

where, s(x+ ei) = 1 for a wall node and is 0 for a fluid node. The parameter Gads
α

can be varied to control the wetting properties of the wall; in all our simulations
we have used Gads

1 = −Gads
2 . This model can be used to simulate the equilibrium

contact angles ranging from 30o to 150o. Similarly for multiphase simulations we fix
a wetting parameter, ρw for the nodes in the wall and calculate the Shan-Chen force
(5.27) at the wall [85]

Fads =−Gψ(ρw)∑
i

wis(x+ ei)ei, (5.29)

where, s(x+ ei) = 1 for a wall node and is 0 for a fluid node. The parameter ρw

is varied to control the equilibrium contact angle at the wall. This model can also
simulate the equilibrium contact angles ranging from 30o to 150o.

5.4 Comparing the lubrication model and Lattice Boltzmann

In this section we compare the results of the generalized lubrication (GL) model and
the lattice Boltzmann (LB) simulations. Since the lattice Boltzmann simulation is
limited to moderate viscosity ratios R, the comparison is done for R=0.03, 0.8 and
1. We further explore the parameter space in Sec. 5.5, using only the lubrication
approach.
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The results for this section are computed for θe=π/2 and α = π/2. The lattice
separation in LB is 0.01 (in unit of capillary length), which will be related to an
effective slip length λs from the comparison with the lubrication model.

5.4.1 Meniscus rise

We first compare the meniscus rise ∆ for R = 0.03,0.8 and 1 in Fig. 5.3. When
the plate is at rest, Ca = 0, the meniscus is perfectly horizontal ∆ = 0 due to the
choice of θe and α . Let us first consider the case where both liquids have identical
viscosity, R = 1, but are still immiscible due to the nonzero surface tension. This
case is perfectly symmetric in the sense that Ca →−Ca gives ∆ →−∆: there is no
difference between plunging and withdrawing. This symmetry is indeed observed
in Fig. 5.3. Blue circles represent LB simulations, while the dash-dotted line is the
GL model. We use this symmetric case to calibrate the microscopic parameter of
the GL model. A nearly perfect fit is achieved for slip length λs = 0.002, which is
a reasonable value given that the grid size used in the LB simulation is 0.01. As Ca
increases, the viscous forces increasingly deform the interface, leading to a change
in ∆.

It is interesting to see to what extent the same microscopic parameter λs is able
to describe different viscosity ratios. We first mildly decrease the viscosity ratio to
R = 0.83 and still find a very good agreement between LB an GL (red squares and
dotted line respectively). With respect to the case R = 1 we see that ∆ is slightly
smaller at a given value of Ca. This means that for the same speed, the meniscus is
deformed by a smaller amount due to the lower viscosity of the upper phase. When
further decrease the viscosity ratio to R = 0.03 (green diamonds, dashed line), some
differences between LB and GL becomes apparent (the same value for λs is main-
tained). The meniscus in GL is systematically below the value obtained in LB. Still,
both models agree reasonably well and display very similar trends. In particular, we
find that much larger values of Ca can be achieved due to the strong reduction of the
viscosity in the upper phase. This effect is most pronounced for the plunging case,
for which the liquid is advancing. This is consistent with experimental observations
that advancing contact lines can move much more rapidly than receding contact lines
[76]. The breakdown of the steady solutions, which signal the transition to air/liquid
entrainment will be discussed in detail in Sec. 5.5.

5.4.2 Shape of the meniscus

A much more detailed test for the two models is to investigate the detailed structure
of the interface: How well do the shapes of the menisci compare between GL and
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Figure 5.3: Meniscus deformation ∆ as function of Ca for θe = π/2. Ca is nega-
tive/positive when the plate is moving upward/downward. Symbols: results of lat-
tice Boltzmann (LB) simulation. Lattice separation = 0.01. Curves: results of the
lubrication-type (GL) model with slip length λs = 0.002. All lengths are scaled by
the capillary length ℓγ .

LB? In Fig. 5.4, we show the dynamical meniscus profiles for Ca = 0.019, 0.028
and 0.036, in the case of equal viscosities, R = 1. Note that the contact line position
is held constant at x = 0, such that the bath appears at different heights due to the
increase in magnitude of ∆ with speed. The agreement of the results of LT model and
LB simulation is very good in particular for Ca = 0.019 and 0.028, even down to the
contact line region (Fig. 5.4b). For larger plate velocities some differences become
apparent.

An even more detailed characterization of the meniscus shape is provided by the
local angle of the interface θ vs h, see Fig. 5.5. Clearly, both the GL model and the
LB simulation exhibit the same nontrivial variation of the contact angle. At small
scales, the angle approaches θe = π/2, while at large scale the meniscus evolves
towards the reservoir θ = α = π/2. In between, the angle changes significantly
due to the well-known effect of “viscous bending” [9]: the balance of viscosity and
surface tension leads to a curvature of the interface. Very similar variations of the
meniscus angle have been obtained experimentally [87].
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Figure 5.4: Dynamical meniscus profiles −x vs h for R = 1 (θe = π/2 and λs =
0.002 for the GL model, lattice separation = 0.01 for the LB simulation). All lengths
have been scaled by the capillary length. The contact line is at x = 0 such that the
bath is at different heights for different Ca. (a) Solid curves: results of GL model.
Dashed/Dotted curves: results of LB simulation. (b) Zoom on the contact line region.
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Figure 5.5: Local meniscus angle θ vs h for R= 1. Identical parameters as in Fig. 5.4.

5.5 Maximum speeds and transition to air entrainment

In this section we discuss the physics of air entrainment in the case of a plunging
plate (Ca > 0). For realistic situations the viscosity ratio R is typically very small, of
order 10−2 for water and much smaller for very viscous liquids. This regime can be
accessed by the GL model only, as LB is restricted to moderate viscosity contrasts.
In the first part of this section we discuss how the transition is captured in our model
in terms of a bifurcation diagram. In the second part we investigate how the critical
speed depends on the microscopic parameters such as the slip length and the static
contact angle.

5.5.1 Maximum speed for advancing contact lines

We first consider a case where the equilibrium contact angle is close to π . For such
a hydrophobic substrate we expect air entrainment to occur at relatively small Ca
[39, 62], and therefore relatively weak curvature of the interface. This is important,
since the assumption underlying the GL model is that the interface curvature is weak
[29]. We will therefore focus on θe = 2.8 radians and explicitly verify how strongly
the interface is curved for our numerical solutions.

Figure 5.6 shows the drop of the meniscus ∆ as function of Ca for a viscosity
ratio R = 0.01 (λs = 10−5, i.e. of the order of 10 nm). As Ca increases, the contact
line equilibrates at a lower position resulting in a more negative value of ∆. However,
when Ca achieves a certain critical value, stationary solutions cease to exist. This
corresponds to a maximum plate velocity, or critical capillary number Cac. By anal-
ogy to deposition of liquid films for plate withdrawal [12–16], this can be identified
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Figure 5.6: Meniscus fall ∆ versus Ca (θe = 2.8 radians, R = 0.01, λs = 10−5). The
horizontal dashed line indicates the minimum value of ∆ for a static meniscus (=
−
√

2, with θe = π).

as the onset of air entrainment: above Cac, unsteady solutions will develop, with a
downward motion of the contact line [76]. As can be seen in Fig. 5.6, the critical
point arises close to ∆ = −

√
2, which according to (5.1) corresponds to a meniscus

with apparent contact angle π . This is the analogue of the withdrawal case, for which
∆ =+

√
2 and the apparent contact angle vanishes at the transition [3, 13]. Note that

viscous effects push system slightly below this maximum extent of deformation for a
perfectly static meniscus, with the critical point slightly below ∆ =−

√
2.

Interestingly, for a range of speeds Ca < Cac one actually finds more than one
solution (cf. Fig. 5.6). Upon decreasing ∆, the capillary number first increases and
then decreases close to the critical point. We refer to the solution branches around
Cac as the upper and lower branch respectively. Once again, an identical bifurcation
structure was previously observed for the withdrawing plate case [13, 28]. To com-
pare these two types of solutions, we show the corresponding meniscus profiles for
Ca = 0.017 in Fig. 5.7. At a large distance from the contact line, the solutions are
almost identical in shape. Zooming in on the contact line region, however, we see the
lower branch (red dashed curve) solution displays a “finger” that explains the larger
magnitude of ∆ with respect to the upper branch.
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Figure 5.7: Meniscus profiles for the upper branch (black solid curve) and the lower
branch (red dashed curve) solutions for Ca = 0.017 (θe = 2.8 radians, R = 0.01,
λs = 10−5). Here we define z = ∆− x. So the bath level is at z = 0.
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Figure 5.8: Meniscus fall ∆ versus Ca for different viscosity ratios (θe = 2.8 radians,
λs = 10−5). For the case the gas phase has no viscosity, R = 0, steady-state menisci
can be maintained to arbitrarily large velocity (within our numerical resolution).
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Figure 5.9: Critical capillary number Cac versus viscosity ratio R for different slip
lengths λs (θe = 2.8 radians). The dashed line indicates a power law with exponent
-1, which is valid for large R.

5.5.2 Effect of viscosity ratio

A key parameter for the transition to air entrainment is the viscosity ratio R. Fig-
ure 5.8 shows the meniscus fall ∆ as function of Ca for different viscosity ratios:
R = 0, 10−4, 10−3 and 10−2. At Ca = 0, all cases have the same value of ∆ =−1.15
corresponding to a static bath with contact angle θe = 2.8. Now we consider the re-
sult for R = 0, for which there are no viscous effects in the air (ηg = 0). We observe
that ∆ decreases with Ca, but without any bifurcation. It appears that steady meniscus
solutions can be sustained up to arbitrarily large plate velocities. In fact, the curve is
consistent with the scaling ∆ ∼ −

√
Ca, corresponding to a simple balance between

gravity and viscosity. For R ̸= 0, however, the situation becomes fundamentally dif-
ferent. While the curves follow the same trend as for R = 0 at small Ca, a deviation
appears at larger speed that ultimately leads to a critical point. Each nonzero viscosity
ratio has a well-defined critical speed, with Cac increasing when the viscosity ratio R
is reduced.

These observations can be interpreted as follows. As long as the viscosity of the
air has a negligible effect on the flow, the curves are indistinguishable from the case
R = 0. Deviations of the R = 0 curve signal that the air flow starts to influence the
shape of the meniscus. Physically, this arises because the interface slope approaches
π , leaving only a narrow wedge angle for the air flow. Figure 5.2 illustrates that the
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recirculation in the air induces significant velocity gradients: despite the small air
viscosity, the stresses in the small wedge of air become comparable to those in the
liquid. Mathematically, this can be derived from the function f (θ ,R) as defined in
(5.16). For small R and θ close to π , we can approximate:

f (θ ,R)≃ f (θ ,0)−4R ≃−2(π −θ)3

3π
−4R (5.30)

as long as π − θ ≫ 2πR. The first term in (5.30) represents the (relative) viscous
contribution inside the liquid, which vanishes in the limit θ → π . The second term
represents the viscous contribution in the air, which will be significant once (π −
θ) ∼ R1/3. Noting that the contact line is receding from the point of view of the
air phase, one understands that a critical speed appears when the effect of the air
becomes important.

The dependence of the critical speed Cac on the viscosity ratio R is shown in
Fig. 5.9 (for various slip lengths). First we consider the limit R ≫ 1, for which the
upper fluid is actually much more viscous than the bottom fluid. This is the usual
case of a receding contact line that is completely dominated by the upper (receding)
phase. In this limit we expect the critical speed to scale with viscosity of the upper
phase, denoted ηg, such that Uc ∼ γ/ηg. Since we have based the capillary number on
the viscosity ηℓ, we obtain Cac ≡Ucηℓ/γ ∼ R−1. This is indeed observed in Fig. 5.9
at R ≫ 1. However, our main interest here lies in the opposite limit, i.e. R ≪ 1,
as for air entrainment. As already mentioned, the critical speed seems to increase
indefinitely by reducing the viscosity ratio. This suggests that for the limiting case of
R = 0, steady menisci can be sustained at arbitrarily large plunging velocities. Our
numerical resolution does not allow for a perfect determination of the asymptotics
for R ≪ 1. Enforcing a power law fit, Cac ∼ Rβ , in the range R = 10−4 − 10−1,
one obtains β = −0.67. This (effective) exponent suggests that both phases play
an important role in determining the critical speed. Namely, the exponent would be
β = −1 if only ηg were important, while β = 0 corresponds to the case where ηℓ is
the only relevant viscosity.

Finally, we briefly verify the assumption of small curvature, necessary for the
strict validity of the model. In Fig. 5.10 we plot the dimensionless curvature, h|dθ/ds|,
as function of h in the vicinity of the critical point (R = 10−5,10−4 and 10−3, λs =
10−5). At small scales, h|dθ/ds| ≪ 1 for all Ca, consistent with the assumption of
small curvature. However, the curvature increases significantly when approaching
the bath due to the bending of interface from a large contact angle to π/2. The mag-
nitude is acceptable in this regime, in particular since viscous effects becomes less
important at large scales. Inclining the plate angle to values close to π would further
reduce this bending effect, and extend the range of validity of the GL model.
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Figure 5.10: Scaled curvature |hdθ/ds| vs h for Ca very close to Cac (λs = 10−5).

5.5.3 Dependence of the critical speed on microscopic parameters

Apart from the viscosity ratio, the GL model contains two parameters: the slip length
λs and the microscopic (equilibrium) contact angle θe. Here we discuss the depen-
dence of Cac on these parameters. The slip length was varied already in Fig. 5.9,
with values λs = 10−5, 10−4 and 10−3. As expected for wetting problems, we see
a weak increase of Cac with λs. A larger λs reduces the range over which viscous
dissipation is effective. This leads to a (logarithmic) reduction of the viscous dissi-
pation, while the capillary driving remains unaltered. Hence, larger velocities can be
achieved before air entrainment occurs.

The dependence of the critical speed on θe is investigated in Fig. 5.11. The
figure reveals that there is no obvious universal scaling behavior for Cac down to
viscosity ratios as small as R = 10−4. We have not been able to extend our numerical
result to lower R. Enforcing a power-law fit, different θe would give rise to different
exponents. We do clearly see that Cac decreases with θe, which is further emphasized
in Fig. 5.12. Consistent with [39, 62], the critical speed vanishes in the hydrophobic
limit where θe → π . We note that for contact angles that are not close to π , the shape
of the meniscus displays significant curvatures. In this sense, we expect that our
results are not fully quantitative solutions of the Stokes flow problem.
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Figure 5.11: Critical speed Cac as a function of R for different static contact angle θe

(λs = 0.001).
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Figure 5.12: Critical speed Cac as a function of static contact angle θe for R = 0.001
and λs = 0.001.
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5.6 Discussion

In this Chapter, the meniscus deformation in a dip-coating geometry has been stud-
ied using two models, namely the generalized lubrication model (GL) and the lattice
Boltzmann simulation (LB). The predictions of these two models are in good agree-
ment, in particular when Ca is relatively small. When exploring larger values of Ca,
the two models start to differ as can be seen in Fig. 5.3, which can be attributed to
different physics at microscopic scales. Yet, qualitative features, such as the bend-
ing of the meniscus and the dependence on viscosity ratio, are comparable in both
models. It turned out both models have difficulties in accessing even larger values
of Ca (Ca & 1). For the GL model, the validity is limited by its assumption of small
interface curvature, which is naturally violated at large Ca. Still, the transition to air
entrainment for θe close to π involves relatively weak curvatures and is thus captured
by the GL model. For the LB simulations the main challenge is that the problem
contains multiple length scales and hence requires a large number of grid points. In
particular, the present simulations are not able to capture the transition to air entrain-
ment.

In the second part of this Chapter, the critical speed of air entrainment was inves-
tigated by the GL model. We have found a strong dependence of critical speeds on
the air viscosity, which is consistent with the experiments discussed in the previous
Chapter. Remarkably, both our theoretical and experimental results differ from Cox’s
model in which Cac is predicted to depend only logarithmically on air viscosity [21].
Interestingly, such a weak logarithmic relation was also observed in the case of liquid
impacting on liquid [19, 20], for which there is no moving contact line. Our results
therefore suggest that the mechanism leading to air entrainment can be fundamentally
different depending on whether a contact line is present or not.

The direct comparison of the GL model with our experiments was already given
in Fig. 4.3 of Chapter 4. The solid line is the prediction from our model using re-
alistic estimates of the microscopic parameters (with different values for the liquid
and air, see Supplementary Material in Chapter 4), and in this sense is free from fit-
ting parameters. Clearly, the model captures qualitatively how Cac depends on the
viscosity ratio ηg/ηℓ. In particular, the critical speed does not depend solely on the
liquid viscosity (in which case Cac would be constant), nor does it depend only on the
gas viscosity (in which case Cac ∼ ηℓ/ηg). Quantitatively, however, the agreement
is not satisfactory. We believe this is due to the relatively large meniscus curvatures
encountered in the experiments (static contact angle of the substrate ≈ 50o), push-
ing the problem beyond the assumptions of the model. It would be interesting to
explore other methods to achieve a more quantitative description of air entrainment
by advancing contact line, in particular for large values of Ca. From an experimental
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perspective, more insight could be obtained by varying the gas viscosity or by re-
placing the air by a liquid of low viscosity. It would also be interesting to perform
experiments with a substrate of large static contact angles.
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6
Withdrawing a plate from a liquid with small

viscosity: effect of inertia ∗

6.1 Introduction

In the previous Chapters, we focused on flows in a range of small Reynolds number
Re, thus the effect of inertia was not taken into consideration. This is a natural limit
for wetting dynamics, since close to the contact line the flow is always viscosity
dominated. However, some very common fluids (e.g. water) have a relatively low
viscosity and inertia can be important at scales away from the contact line. As an
example we mention Immersion Lithography [4], where the fluid in between the lens
and the substrate is water that has viscosity η around 10−3 mPa·s and density ρ =
103 kg/m3 at room temperature. If we take the typical speed of flow U as 0.1− 1
m/s and the distance between the lens and the substrate L as 0.1− 1 mm, then the
Reynolds number based on the macroscopic dimension is of order Re≡ ρUL/η ≃ 10,
or larger. Indeed, wetting experiments on water exhibit some quantitative disparities
with respect to predictions of viscous theory [1, 4]: (i) the critical speed is lower than
expected, by about a factor 2, (ii) the dynamic contact angle varies more quickly with
speed than predicted by the Cox-Voinov relation [21, 27], again by approximately a

∗Manuscript to be submitted: T.S. Chan and J.H. Snoeijer, Withdrawing a plate from a liquid with
small viscosity: effect of inertia.
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factor 2. This contrasts the level of agreement with viscous liquids such as silicon
oils, for which quantitative agreement is achieved up to 20% [1, 13, 14]. From a
technological perspective, such quantitative difference is significant. It has remained
unclear whether this effect can indeed be attributed to the relatively large Reynolds
numbers encountered for water.

In this Chapter we provide a simple model to include the effect of inertia. We
follow the idea of Koulago et al. [88], used in the context of Landau-Levich films,
to consider a depth-integrated momentum balance that incorporates inertial effects.
Under the standard assumptions where the thickness of the liquid film is slowly vary-
ing, the momentum equations can be reduced to the classical boundary layer equa-
tions [89, 90], with transport mainly in the direction along the wall. The standard
lubrication approximation is recovered by integrating over the layer thickness using
a parabolic velocity profile. Here we perform the same procedure, but keeping the
integrals over the inertial terms. The result is a modified lubrication equation, that
includes a new term proportional to the Reynolds number. Below we first derive
this equation, and discuss under what conditions inertia is expected to play a role
in wetting flows. Then we make a quantitative analysis, by solving the equation in
a dip-coating geometry for receding contact lines (plate withdrawal). We show that
inertial effects tend to lower the critical speed of dynamical wetting transition, and
we quantify this dependence in terms of contact angle and dimensionless parameters.

6.2 Lubrication equation including inertia effect

We consider a smooth, chemically homogeneous solid plate being withdrawn from a
liquid reservoir at a constant speed Up. Since the dynamics of the air is negligible,
we focus on single-phase flow only. The plate is inclined at a small angle α with the
horizontal, as sketched in Fig. 6.1. For Up = 0, there is no flow in the fluid, and the
shape of the interface is determined by the balance between capillarity and gravity.
When the plate is moving, Up > 0, flow is generated in the fluid. The contact line rises
and then achieves a new equilibrium position above the static one as long as Up is
below a critical value Uc. We assume that the contact line is straight and perpendicular
to the movement of the plate, so the problem can be treated as two-dimensional.
For steady states (Up < Uc), we characterize the deformation of the interface by a
meniscus rise zcl , the distance of the contact line above the bath, see Fig. 6.1. The
interface shape is described by h(x), and the velocity field u⃗ = u(x,y)x̂+ v(x,y)ŷ can
be determined by solving the Navier-Stokes equations with appropriate boundary
conditions. The Navier-Stokes equations for incompressible fluid of viscosity η ,
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Figure 6.1: Schematic diagram of a plate being withdrawn from a liquid reservoir at
a constant speed Up. The plate is inclined at a small angle α with the horizontal. The
shape of the interface is described by h(x), where x is measured relative to the contact
line position. The deformation of the interface is characterized by a meniscus rise zcl .

density ρ read

ρ
(

u · ∂u
∂x

+ v · ∂u
∂y

)
=−∂ p

∂x
+η

(
∂ 2u
∂x2 +

∂ 2u
∂y2

)
+ρgsinα, (6.1)

ρ
(

u · ∂v
∂x

+ v · ∂v
∂y

)
=−∂ p

∂y
+η

(
∂ 2v
∂x2 +

∂ 2v
∂y2

)
−ρgcosα, (6.2)

where p is the pressure and g the gravitational acceleration. The continuity equation
is given by

∂u
∂x

+
∂v
∂y

= 0. (6.3)

The boundary conditions at the wall (y=0) are

v = 0 (6.4)

and

u = λs
∂u
∂y

−Up. (6.5)

Since imposing a no-slip boundary condition leads to infinite dissipation when ap-
proaching the contact line [6], a Navier slip boundary condition is applied. Note that
λs is the slip length, which is usually of the order of a nanometer.

At the steady interface, y = h(x), we can impose

v
u
= h′, (6.6)
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which means the flow is parallel to the interface. Shear stress vanishes at the interface,

t̂ ·σ · n̂ = 0, (6.7)

and the normal stress is related to the interface curvature κ and the surface tension γ
by the Laplace’s law

n̂ ·σ · n̂ = γκ . (6.8)

Here the stress tensor σ and the unit vectors n̂ and t̂ are defined by

σ =

(
−p+2η ∂u

∂x η( ∂u
∂y +

∂v
∂x)

η(∂u
∂y +

∂v
∂x) −p+2η ∂v

∂y

)
, (6.9)

t̂ = cosθ x̂+ sinθ ŷ (6.10)

and
n̂ =−sinθ x̂+ cosθ ŷ, (6.11)

where θ is the local angle of the interface, see Fig. 6.1.
In the following we will simplify the above governing equations using the lubri-

cation approximation, namely the slope of the interface is small, i.e. h′(x)≪ 1. For
details of the derivation, we refer to [10, 88]. In this framework, the Navier-Stokes
equations reduce to

ρ
(

u · ∂u
∂x

+ v · ∂u
∂y

)
=−∂ p

∂x
+η

∂ 2u
∂y2 +ρgsinα, (6.12)

∂ p
∂y

=−ρgcosα. (6.13)

The boundary conditions of the stresses at the steady interface, y = h(x), can be
simplified as

∂u
∂y

= 0, (6.14)

and
γh′′ =−p. (6.15)

Solving (6.12) and (6.13) for the flow filed is very challenging due to the inertial
terms u ∂u

∂x + v ∂u
∂y in (6.12). Without the inertial term, the flow can be easily found to

be parabolic. Here we adopt the approach used in [88], where the flow is assumed to
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remain parabolic, to consider a depth-integrated momentum balance that incorporates
inertial effects. We write the velocity field as

u =Up

[
3
(
1+ q

h

)
2h(h+3λs)

{2h(y+λs)− y2}−1

]
, (6.16)

where q is the flux defined by

q ≡
∫ h

0
udy. (6.17)

Note that this flow fulfills the boundary conditions (6.5) and (6.14).
Now we are in a position to obtain an equation for the interface profile h(x). First

we integrate both sides of (6.12) with respect to y from y = 0 to y = h, this leads to

d
∫ h

0 u2dy
dx

=

(
−∂ p

∂x
+ρgsinα

)
h− ∂u

∂y
|y=0 . (6.18)

Note that ∂ p/∂x is independent of y due to (6.13). The left hand side of (6.18) was
obtained as follows: ∫ h

0

(
u · ∂u

∂x
+ v · ∂u

∂y

)
dy (6.19)

=
∫ h

0
u · ∂u

∂x
dy+ v ·u |h0 −

∫ h

0
u · ∂v

∂y
dy (6.20)

=
∫ h

0
u · ∂u

∂x
dy+u2h′ |y=h +

∫ h

0
u · ∂u

∂x
dy (6.21)

=
∫ h

0

∂u2

∂x
dy+u2h′ |y=h (6.22)

=
d
∫ h

0 u2dy
dx

. (6.23)

Above we have used the continuity equation (6.3) and the boundary condition (6.4)
and (6.6).

Next we substitute the expression (6.16) for the velocity field u to (6.18). Since
we investigate the stationary shape of the meniscus with the contact line remaining
still with respect to the reservoir, we set q = 0. Then (6.18) leads to

ρU2
p h′k(λs/h)

5
=

(
−∂ p

∂x
+ρgsinα

)
h−

3ηUp

h+3λs
, (6.24)

where the function k(s) is defined as

k(s)≡ 1+9s
(1+3s)3 . (6.25)



96 CHAPTER 6. EFFECT OF INERTIA

We rewrite (6.24) in the following form

−∂ p
∂x

=
3ηUp

h(h+3λs)
+

ρU2
p h′k(λs/h)

5h
−ρgsinα. (6.26)

Next we make use of (6.13) and (6.8) to obtain an expression for ∂ p/∂x in terms
of the interface curvature. First we integrate (6.13) once with respect to y, this gives

p = ρgcosαy+ f (x), (6.27)

where f (x) is an undetermined function independent of y. Evaluating the pressure of
expression (6.27) at the interface, i.e. y = h, and compare it to the boundary condition
(6.15), then f (x) is found to be

f (x) =−γh′′−ρghcosα. (6.28)

Substituting (6.28) back to (6.27), the pressure can be written as

p =−γh′′+ρg(y−h)cosα. (6.29)

Differentiating (6.29) with respect to x, we obtain

∂ p
∂x

=−γh′′′−ρgh′ cosα. (6.30)

Substituting (6.30) to (6.26), we end up with an interface equation

γh′′′ =
3ηUp

h(h+3λs)
+

ρU2
p h′k(λs/h)

5h
−ρg(h′ cosα + sinα). (6.31)

At macroscopic scales the capillary force dominates the viscous force, hence the
natural length scale is the capillary length ℓc ≡

√
γ/ρg. In the following we write

all the lengths in terms of the capillary length. For simplicity of notations, we use
the same symbols for the rescaled lengths. Thus the interface equation (6.31), after
rescaling the lengths, becomes

h′′′ =
3Ca

h(h+3λs)

(
1+

Rehh′k̃(λs/h)
15

)
+h′−α, (6.32)

where the Reynolds number Re is defined by

Re = ρUpℓc/η , (6.33)
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the capillary number

Ca =
ηUp

γ
, (6.34)

and k̃(s) = k(s)(1+ 3s). Note that we also took the limit of small α . (6.32) indeed
is the same as the interface equation in [88] except here we consider the case q = 0,
and include the slip length and gravity.

Here we discuss some properties of (6.32). We see the inertia term is relevant,
with respect to the viscous term, only when Rehh′ is order of unity or larger. In
the viscous regime this term can be neglected, one recovers the standard lubrication
equation. Moreover, we see that the correction term due to inertia contains a factor
h′, which in the lubrication framework, is of small order. Thus we expect the effect
of inertia will be significant only when Re is much larger than unity. In addition, the
factor h implies that in the region very close to the contact line, the viscous effect
dominates the inertia effect.

Since in experiments it is more common to vary the plate velocity with physical
parameters fixed, it is more convenient to write the interface equation in terms of Ca
and a speed-independent parameter known as Ohnesorge number Oh ≡

√
Ca/Re =

η/
√

ρℓcγ . Note that Oh goes as 1/
√

Re. We then rewrite (6.32) in the following
form

h′′′ =
3Ca

h(h+3λs)

(
1+

Cahh′k̄(λs/h)
15Oh2

)
+h′−α. (6.35)

6.3 Results

We now investigate the influence of the inertial term on the critical speed for the
dynamical wetting transition in dip-coating. We first consider a case of very small
contact angle, θe = 0.05 radian, small plate inclination α = 0.1 radian, and λs = 10−4.
As in the previous Chapters, the boundary condition at the contact line is h′ = θe,
while the interface joins the reservoir at large distance, h′ → α .

Figure 6.2 compares meniscus profiles with and without inertial effects, by plot-
ting h′ as function of x for Ca = 3x10−6. The solid curve corresponds to 1/Oh = 0,
which has no inertia. At small distance to the contact line, we see that the inter-
face first decreases below the equilibrium value, due to the strong viscous forces. At
larger scales, h′ increases to match the boundary condition at the bath. Since both the
velocities and the interface slopes are very small, it turns out that inertial effects only
appear for very large values of 1/Oh. The dashed curve in Fig. 6.2 is for 1/Oh = 105.
As expected, there is no difference with the profile obtained for 1/Oh = 0 at small
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scales. However, at larger scales one observes that the inertial effect induces an addi-
tional “bending” of the interface, resulting in a further decrease in slope.

Effectively we may think of the additional bending as a lowering of the apparent
contact angle, or as an increased resistance to flow. Hence, we expect the critical
speed of the dewetting transition to decrease due to inertia. To determine the criti-
cal speed, we characterize the deformation of the interface by the meniscus rise zcl ,
defined in Fig. 6.1. The meniscus rise is plotted as a function of Ca in Fig. 6.3, for
1/Oh = 0,3x104 and 105. For the non-inertial case (1/Oh = 0, circles), zcl increases
with Ca until at a certain maximum value. Above this critical Cac, there are no
steady-state solutions and a film will be deposited. For 1/Oh = 3x104 (triangles), zcl
coincides with that for 1/Oh = 0 when Ca is relatively small. At higher Ca, zcl rises
above the curve for 1/Oh = 0, that means inertia tends to elongate the interface. As
anticipated, the critical speed is lowered with respect to the case 1/Oh = 0, although
the effect is relatively small. However, the trend is enhanced when 1/Oh is further
increased up to 105 (squares). This corresponds to a Reynolds number Re = 3x104

with Up based on the critical speed.
The dependence of the critical speed can be summarized by plotting Cac as func-

tion of 1/Oh (Fig. 6.4). We see inertia starts to have effect only when 1/Oh is as
large as 104. As mentioned above, this is due to the small contact angles. To have
an impression how such a large magnitude appears, we make an estimation as fol-
lows. From (6.35), the inertial term is important when Cahh′/15Oh2 & 1. If we
take Ca = Cac ≈ θ 3

e /9ln(L/ℓ) [21, 27] (where L/ℓ is a ratio between the macro-
scopic length and the microscopic length, here we take the ratio between the capil-
lary length and the slip length, for our numerical calculations, which equals to 104);
h′ = θe = 0.05, and h is estimated by balancing gravity and the viscous term, i.e.
h ∼

√
3Ca/α . Hence we will obtain 1/Oh & 2x105, which is consistent with our

numerical result. It is interesting to see how the critical speed changes as the contact
angle is enhanced. We therefore repeated our calculations for larger values of the
contact angle. For large contact angles, h′′ in (6.35) is not a correct expression for the
curvature anymore, thus we replace it by a full expression of curvature, which is

κ =
h′′

(1+h′2)3/2 . (6.36)

The result of the critical speed as a function of θe is shown in Fig. 6.5, in which
circles correspond to 1/Oh = 0 and triangles are for 1/Oh = 3x102. We see the
critical speed increases with θe. At small contact tangles (< 0.5 radian), Cac is the
same for 1/Oh = 0 and 1/Oh = 3x102. Difference in critical speeds become more
apparent as θe is further enhanced. When θe is up to 1.2 radian, the critical speed for
1/Oh = 3x102 is around half of that for 1/Oh = 0.
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Figure 6.2: h′ vs x for Ca = 3x10−6. Solid line: 1/Oh = 0, Dashed line: 1/Oh = 105
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and λs = 10−4). Dashed vertical lines indicate the position of Cac.

6.4 Discussion

In this Chapter we provided a simple approach to investigate the effect of inertia
on contact line motion. Following [88], we assumed that the velocity profile in the
liquid remains parabolic and considered a depth-integrated momentum balance. The
motivation for this work is that the breakup of water drops at the receding contact line
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and λs = 10−4).

appears at much lower velocities than expected from viscous hydrodynamical theory:
the speed was found to be smaller by approximately a factor 2 [1, 4], which cannot
be explained using realistic values for the microscopic (slip) length. The results of
this Chapter clearly show that inertial effects can indeed lower the critical speed.
Interestingly, inertia is only effective at relatively large Reynolds numbers, Re ≫ 1.
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This is because the relevant factor for inertial effects with respect to viscous forces
is ∼ Rehh′, where h is the local thickness (expressed in capillary length) and h′ the
interface slope. The influence of inertia is thus greatly suppressed for small contact
angle. In addition, since viscous effects are always dominant at small distances from
the contact line, where most of the dissipation occurs, the influence of inertial only
appears at larger scales.

To what extent can our findings explain the dynamical wetting transition for re-
ceding water drops? The inverse of Ohnesorge number for water at room temperature
is 5x102, using the capillary length as the length scale. For the case of water drops
with contact angle 70◦ (1.2 radian) sliding on a turntable [4], our model indeed pre-
dicts a reduction of the critical speed by about a factor 2. On the other hand, the
model predicts almost no inertial effects when the contact angle is 30◦ (0.52 radian),
as was the case for the sliding drops in [1]. A possible reason for this inconsistency
is that in the vicinity of the critical speed, the tail of the droplet becomes very sharp,
thus the problem cannot be treated as two-dimensional anymore. Alternatively, it has
been suggested that other microscopic mechanisms such as thermal activation may
be of importance for low-viscosity liquids as water [91]. Clearly, many aspects of the
present model can be improved. First, one may attempt a more systematic expansion
of the Navier-Stokes equations, in which the assumption of the parabolic profile is no
longer needed. In addition, the strong dependence on the contact angle would make
it interesting to study large θ , e.g. using numerical simulations. Still, we expect the
qualitative features of our model to be valid, just as it was able to capture the influ-
ence of inertia on Landau-Levich films [88]. From an experimental point of view, an
experimental study of dip-coating with water would provide valuable information to
address these issues in further detail.
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7
Summary and Outlook

The speed at which a liquid can move over a substrate is strongly limited when the
surface is partially dry. The wetting dynamics is then governed by the motion of the
contact line, which has remained a challenging problem in fluid mechanics. Such
moving contact lines play a key role for printing and imaging techniques. The tech-
nology of Immersion Lithography, for example, uses a portion of water between a
lens and a substrate in order to increase the resolution. When the substrate is mov-
ing too fast, droplets are emitted at the receding part of the water. Similarly, air
bubbles can be observed in the advancing part, suggesting entrainment of air at the
advancing contact line. The transition from a steady interface to drop emission or air
entrainment is called a dynamical wetting transition, and originates from the maxi-
mum speed at which contact lines can move across a surface. This thesis therefore
addresses the fundamentals of “dynamical wetting transitions”.

A convenient geometry to study fundamental aspects of dynamical wetting tran-
sitions is dip coating, in which a solid is withdrawn from or plunged into a liquid
reservoir. This geometry has the advantage that the flow is two-dimensional, which
largely simplifies the governing equations. This thesis addresses two types of wetting
transitions in a dip coating geometry: film deposition at receding contact lines (with-
drawing plate, Chapters 2, 3 and 6), and air entrainment by advancing contact lines
(plunging plate, Chapters 4 and 5). For the receding contact line problem, usually the
flow of air can be neglected since the air viscosity ηg is much smaller than the liquid
viscosity ηℓ. Thus the relevant parameters are the capillary number, Ca ≡ ηℓU/γ ,

103
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which is the ratio between the viscous and capillary forces, and the static contact
angle θe. For the advancing contact line problem, the situation becomes more com-
plicated since usually a recirculation of the air occurs in a very confined region near
the contact line. This significantly increases the shear stress in the air. Above a
certain flow speed, the dissipation in the air can no longer be neglected. Hence one
more parameter has to be introduced to characterize advancing contact line problems,
namely the viscosity ratio between the air and the liquid.

We first discuss the dynamical wetting transition at a receding contact line. In
Chapter 2, we consider a smooth solid plate being withdrawn from a bath of viscous
liquid which it does not wet. The steady state solutions can be numerically computed
by the lubrication equation. It is found that there is a maximum speed below which
the solid can be withdrawn without leaving a film on the substrate. This critical
speed for the dynamical wetting transition arises when the solutions bifurcate into
upper branch. The interface profile of the upper branch solution is elongated in the
direction of the flow, demonstrating a “finger” shape behind the contact line in small
scales. In this study, we add the local analysis of the upper branch of the bifurcation to
a previous analysis of the lower branch using matched asymptotic expansion. Due to
the “finger” behind the contact line, the outer solution can no longer match the inner
solution in the vicinity of the contact line position. We propose that the outer solution
should match the inner solution at the “apparent” position of the contact line which is
of certain distance (length of the finger) below the real contact line position. It turns
out the shift of the contact line position calculated by the matching agrees very well
with the numerical solutions of the full lubrication equation. We also show that the
bifurcation is of saddle-node type. Thus we have provided a complete description of
the dynamical wetting transition in terms of a matched asymptotic expansion.

In Chapter 3, we investigate the effect of the macroscopic geometry on the dy-
namical wetting transition. Instead of a plate, we consider the withdrawal of a fiber
and investigate the role of the fiber radius. First, we use a matched asymptotic expan-
sion to derive the maximum speeds of dewetting for the limiting cases of large fiber
radius and small fiber radius. We then develop a modified lubrication equation for
flow along a fiber of different radii. The maximum speeds computed by the modified
lubrication equation turn out to agree very well with the matched asymptotic expan-
sion. To further investigate the transition we numerically determine the bifurcation
diagram for steady menisci. It is found that the meniscus profiles on thick fibers are
smooth, even when there is a film deposited between the bath and the contact line,
while profiles on thin fibers exhibit strong oscillations. We propose that this may be
relevant to experimental observations that transitions occur at zero apparent contact
angle for the thin fiber case but not for the thick fiber case. A detailed experimental
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study on the dynamical wetting transition for varying fiber radius is still lacking. In
particular it would be interesting to investigate what type of film will be deposited on
a thin fiber.

In Chapter 2 and 3, we restrict ourselves to small Reynolds number regimes,
namely the inertial terms were neglected. In Chapter 6 we release this restriction
since inertia could be important for low viscosity liquids such as water. We study
the inertial effect on the dynamical wetting transition, once more by withdrawing a
plate from a reservoir of liquid. Based on thin film approximations, we developed a
lubrication-type equation which takes the inertial effect into consideration. We find
that once inertial terms start to have effect, the critical capillary number is reduced
with increasing Reynolds number Re. This is because the inertia tends to maintain
the flow. In an experiment similar to the Immersion Lithography setup [4], it was
previously found that the critical capillary number is a factor two smaller for water
than the more viscous silicone oils. Our theoretical results could explain this obser-
vation, since for water the inertia is indeed important. The main assumption of our
model is that the velocity field is approximated by a parabolic profile. This means we
consider a small perturbation from the viscous dominated regime. In the framework
of the thin film approximation, the small parameter is Rehh′, where h is the the liquid
thickness and h′ the slope of the interface. Thus if Re is too large, such that Rehh′ is
no longer small, our model will no longer be quantitatively accurate. Interestingly,
for a thin film of water this criterion is very often fulfilled. Experimental verification
of our model would provide more understanding of the dynamical wetting transition
in less viscous liquids. It remains a great challenge to study wetting dynamics when
Re is pushed to much higher values.

Next we consider the case of advancing contact lines. The entrainment of air by
advancing contact lines is studied experimentally in Chapter 4 by plunging a solid
plate into a reservoir of viscous silicone oil of viscosities ηℓ ranging from 0.02 to 5
Pa.s. Above an entrainment velocity, we observe the formation of an air film, which
is unstable and subsequently decays into bubbles. Unexpectedly, we find that the en-
trainment speed depends on the liquid viscosity much more weakly than 1/ηℓ. This
implies the flow inside the air film plays a crucial role. We explain this result by
comparing the dissipation inside the air and the liquid in a wedge geometry. The
dissipation in the air increases dramatically as ηg/(π − θw) when the wedge angle
θw measured in the liquid gets very close to π , which is what happens at the wet-
ting transition. At the same time, dissipation in the liquid decreases as ηℓ(π −θw)

2.
Hence, even a very small air viscosity could have significant contribution to the total
dissipation. During the breakup of the air film, we observed the oil reestablished the
contact with the solid and formed the so-called “rewetting bridges”. Strikingly, we
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found the bridges spread out in a way similar to the dewetting holes but the roles
of air and liquid are exchanged. However, the spreading speed of the “rewetting”
bridges is orders of magnitude larger than the dewetting speed.

After this experimental study, we develop a hydrodynamic model in Chapter 5
to study the dynamical wetting transition in two-phase flow, in particular the entrain-
ment of air. In the spirit of the standard lubrication equation for flows in a thin film,
we approximate the local flow by flows in a wedge. Once the flow is known, the
pressure difference across the interface can be determined, as well as the interface
curvature. Using this model, we calculate the meniscus deformations for various
values of the capillary number and viscosity ratio R. The results are verified by com-
paring with Lattice Boltzmann simulations. The agreement turns out to be very good
in particular for relatively small Ca. In order to study air entrainment, we explore
the parameter space of small R. Contrary to existing models, we find that the critical
speed of air entrainment does not scale as 1/ηℓ, but has a much weaker dependence.
This is consistent with the experiments discussed in Chapter 4, and our model fur-
ther quantifies the influence of the air. Since we approximate the flow by flows in a
wedge, our model is limited to small interface curvature, and thus to small values of
Ca. Modeling for large Ca remains a challenge. Another issue that remains ambigu-
ous is the physical mechanisms for the cutoff at the contact line. We propose that in
the air phase, the slip length is determined by the mean free path of the gas. This
provides a new perspective on experiments where the air pressure is reduced, which
gives rise to a remarkable increase in entrainment speeds [23]. The interesting point
is that depressurizing the air will increase the mean free path. Interpreting the pres-
sure reduction as an increase of the slip length, our model indeed predicts an increase
of the critical speed that is comparable to the experimental observation. More studies
have to be carried out to provide a definite answer to these questions.
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Samenvatting

De snelheid waarmee een vloeistofdruppel zich verplaatst over een oppervlak wordt
bepaald door het krachtenspel aan de rand van de druppel op het substraat. De dynam-
ica van deze rand, de “contactlijn”, is een fundamenteel probleem in de vloeistoffys-
ica. De contactlijn speelt een belangrijke rol bij diverse moderne industriële toepassin-
gen. Bijvoorbeeld, in Immersie Lithografie wordt een laagje water gebruikt tussen de
lens en het substraat. Dit heeft als doel de optische resolutie te vergroten waarmee
structuren kunnen worden afgebeeld op een silicium chip. Echter, wanneer het sub-
straat te snel wordt gescand zullen er kleine druppeltjes achterblijven of luchtbellen
worden ingevangen. Deze overgangen waarbij druppels of bellen ontstaan heten “dy-
namische bevochtigingstransities” en vormen het onderwerp van dit proefschrift.

Een geschikte methode om de dynamica van bevochtiging te onderzoeken is “dip
coating”, waarbij een substraat in een vloeistofbad wordt gedompeld, of eruit wordt
getrokken. In het eerste geval is de beweging van de contactlijn voortschrijdend over
het substraat (bevochtiging), terwijl in het tweede geval de contactlijn zich terugtrekt
(ontvochtiging). De stroming in de vloeistof die in deze geometrie ontstaat is voor
beide gevallen tweedimensionaal, waardoor de onderliggende wiskundige vergeli-
jkingen eenvoudiger op te lossen zijn. Dit proefschrift onderzoekt twee verschillende
bevochtigingstransities: depositie van vloeistoffilms door terugtrekkende contactlij-
nen (Hoofdstukken 2, 3 en 6)), en inhappen van lucht voor het geval van voortschri-
jdende contactlijnen (Hoofdstukken 4 en 5). Voor terugtrekkende contactlijnen kan
de stroming in de lucht worden verwaarloosd, omdat de viscositeit van lucht ηg veel
kleiner is de de viscositeit van vloeistoffen ηℓ. De relevante kentallen zijn het capil-
laire getal, Ca ≡ ηℓU/γ , de verhouding van viskeuze en capillaire krachten, en de
evenwichtscontacthoek θe. Echter, voor het geval van voorschrijdende contactlijnen,
waarbij luchtbellen worden ingehapt, is de luchtstroming wel van belang. In dat geval
is er een extra kental van belang, namelijk de verhouding van viscositeiten ηg/ηℓ.

In Hoofdstuk 2 bestuderen we terugtrekkende contactlijnen door een substraat
met constante snelheid uit een vloeistofreservoir te trekken. Met behulp van nu-
merieke berekeningen worden eerst alle “steady-state” oplossingen gevonden, waar-
bij we gebruik maken van de lubricatiebenadering. Het blijkt dat er een maximale
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snelheid is waarmee een contactlijn over een substraat kan bewegen. Wanneer het
substraat met een hogere snelheid uit het bad wordt gehaald zal deze een vloeistoflaag
meetrekken, en dus bevochtigd worden. Het optreden van de maximumsnelheid kan
in detail worden verklaard met behulp van een asymptotische expansie van de lu-
bricatievergelijkingen. Met deze techniek tonen we aan dat de bevochtigingstransi-
tie optreedt door een bifurcatie, waarbij een stabiele en instabiele tak van oplossin-
gen samenkomen. Ook vinden we een analytische voorspelling voor de maximum-
snelheid. Vervolgens onderzoeken we in Hoofdstuk 3 in hoeverre de bevochtig-
ingstransitie afhangt van de geometrie van de stroming. In plaats van een vlak sub-
straat bekijken we daarom de bevochtigingstransitie voor cilinders met verschillende
doorsnedes. Onze berekeningen laten zien dat de maximumsnelheid toeneemt bij
afnemende cilinderradius. Een opvallende voorspelling van onze theorie is dat voor
dunne cilinders, de vloeistoffilm die wordt meegetrokken niet mooi vlak kan blijven.
In tegenstelling tot de film op vlakke substraten vinden we sterke oscillaties van de
dikte van de vloeistoflaag. Het zou interessant zijn om experimenteel te onderzoeken
of dergelijke vloeistoflagen stabiel zijn, of uiteenvallen in kleine druppeltjes.

Bovenstaande resultaten gelden voor sterk viskeuze vloeistoffen, waarvoor de
massatraagheid van de vloeistof kan worden verwaarloosd. Traagheid is echter wel
degelijk van belang voor bevochtiging door water. In Hoofdstuk 6 ontwikkelen
we daarom een model waarmee het effect van traagheid kan worden onderzocht.
We vinden dat de maximumsnelheid van de contactlijn afneemt door het effect van
traagheid. De afname die wordt voorspeld door het model komt goed overeen met re-
cente experimenten in de context van Immersie Lithografie. Een meer gedetailleerde
vergelijking met dip-coating experimenten zal echter nodig zijn om het model, en de
onderliggende aannames, te valideren.

Hoofdstuk 4 beschrijft een experimentele studie naar het inhappen van lucht door
voortschrijdende contactlijnen. Het substraat wordt gedompeld in reservoirs gevuld
met siliconenoliën van verschillende viscositeit ηℓ. Voor elke olie bepalen we de kri-
tische snelheid waarboven een luchtlaag wordt meegetrokken in de vloeistof. Deze
luchtlaag breekt later op in de vorm van luchtbellen in de olie. We vinden dat de
kritische snelheid afneemt bij toenemende viscositeit. Echter, het verrassende resul-
taat is dat deze afname veel minder sterk is dan ∼ 1/ηℓ, zoals de klassieke theoriën
voorspellen. Dit duidt erop dat de stroming in de luchtlaag een sterke invloed heeft
op het proces.

Deze hypothese wordt verder ondersteund door de theoretische analyse van Hoofd-
stuk 5. In dit hoofdstuk presenteren we een uitbreiding van de lubricatietheorie, waar-
bij de krachten uitgeoefend door de luchtstroming worden berekend. Deze krachten
hebben inderdaad een sterke invloed op de vorm van de meniscus wanneer de lokale
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contacthoek bijna 180◦ is, zoals bij het inhappen van lucht. Onze theoretische voor-
spellingen zijn consistent met de experimentele resultaten. Het blijft echter een
uitdaging om een volledig kwantitatieve beschrijving te vinden wanneer het capillaire
getal Ca niet klein is. Tot slot biedt ons model een nieuw perspectief op experimenten
in de groep van Benkreira, die gedaan zijn onder een sterk gereduceerde luchtdruk.
Het verlagen van de druk leidde tot een verrassende toename van de kritische snel-
heid voor het inhappen van lucht. Het verlagen van de druk leidt ook tot een toename
van de vrije weglengte van de gasmoleculen. Wanneer we de vrije weglengte inter-
preteren als de sliplengte van het gas aan de wand kunnen we met ons model deze
verrassende experimenten verklaren.
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